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Rational £ ..-Suboptimal Controllers
-for SISO Continuous-Time Systems

Zi-Qin Wang and Mario Sznaier

Abstract— In this paper we study the problem of minimizing the
weighted amplitude of the time response due to a given fixed input
signal for single-input/single-output (SISO) continuous-time systems and
focus on obtaining rational suboptimal solutions. An EAS (Euler ap-
proximating system)-based method is proposed for designing a rational
L -suboptimal controller for SISO systems. It is shown that this rational
approximation is the best one among a set of rational approximations,
in the sense of providing the tightest upper bound and that it can
approximate the optimal cost arbitrarily close.

I. INTRODUCTION

In many cases the objective of a control system design can be
stated simply as finding a controller which stabilizes the feedback
system and minimizes some output responses to some exogenous
inputs. Depending on how the exogenous inputs are modeled, this
leads to different mathematical optimization problems. For example,
when the exogenous inputs are assumed arbitrary but with bounded
energy, and the outputs are also measured in terms of energy, this
problem leads to the minimization of the H . norm of the closed-loop
system; when the exogenous inputs are bounded persistent signals and
the outputs are measured in terms of the peak time-domain magnitude,
this problem leads to an £1/l; norm minimization. H..-optimal
control can now be solved by elegant state-space formulas [8], while
L1 /11-optimal control can be (approximately) solved by finite linear
programming [3]-[5], [7]. In some cases performance specifications
are given in terms of the response to fixed exogenous inputs (such as
the step response). The case where the input is fixed and the output
is measured in terms of its energy leads to the minimization of the
closed-loop Hz norm extensively studied in the 1960’s and 1970s.

The case where the exogenous inputs are assumed fixed and the
outputs are measured in terms ‘of the peak magnitude leads to the
minimization of an Lo /leo norm. ls.-optimal control theory for
single-input/single-output (SISO) discrete-time systems was devel-
oped by Dahleh and Pearson in [6]. In this paper we address the
Loo-optimal control problem for SISO continuous-time systems and
focus on designing rational suboptimal controllers.

In [11] we have identified the structure of L..-optimal solutions.
While exact solutions are not yet available except in some special

Manuscript received February 23, 1995; revised December 18, 1995. This
work was supported in part by the NSF under Grant ECS-9211169.

The authors are with the Department of Electrical Engineering, Penn-
sylvania State University, University Park, PA 16802 USA (e-mail: msz-

naier@frodo.ee.psu.edu).
Publisher Item Identifier S 0018-9286(96)05795-9.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 41, NO. 9, SEPTEMBER 1996

cases, we have shown that as in £;-optimal control, £ -optimal
solutions contain delay terms. Thus, both the closed-loop system
and the controller have irrational transfer functions, even if the plant
and all the weights are rational. Since it is difficult to implement an
irrational controller, this raises the additional question of existence
of rational approximations. This issue is not trivial since a delay
generally cannot be uniformly approximated by a rational system
either in £y or Lo spaces. References [2], [9], and [12] answered
the question in the £ case in an affirmative way and presented
two methods to get rational £;-suboptimal controllers. In this paper
we will show that the same idea used in [2] [using the Euler
approximating system (EAS)] can still be employed. However, using
this technique requires imposing additional interpolation constraints.
A modified EAS-based method is proposed and is shown to yield the
_best approximation, in the sense of providing the tightest upper bound,
among a set of rational approximations. Moreover, we indicate how
to select a priori the approximation to meet a given approximation
error bound.

II. PRELIMINARIES

A. Notation

Let R, denote the set of nonnegative real numbers. Loo(Ry)
denotes the space of measurable functions f(t) equipped with the
norm: |fllz.. = ess.supp, |f(t)| < oo, and Li(R+) denote
the space of Lebesgue integrable functions on R4 equipped with
the norm ||fllc, = [7|f(¥)|dt < oco. Similarly, Iy denotes the
space of sequences h = {h;} such that [|Alj;, = 372, |k <
oo, and . denotes the space of sequences h = {h;} such that
[|R|lie = sup; |hi] < oo. Throughout the paper we will use the
capital letter F'(s) [or H(z)] to denote the Laplace transform (or
Z-transform) of f(t) (or {h:}) and packed notation to represent
state-space realizations, i.e.,

G(s)=C(sT— A) 'B+D 2 (é g).

B. The Lo,-Control Problem

Definition 1: A system F'(s)(H(z)) is Lo stable (I stable) if
f(t) € Lo(Ry)(h = {hi} € ls). A controller C(s)(C(2)) is
an Lo -stabilizing ({0 -stabilizing) controller if it renders the overall
closed-loop system ®(s)(P(z))Loo stable (Io stable).

By using this concept we can precisely state the Lo.-control
problem as follows. Consider the system shown in Fig. 1, where
P represents the plant to be controlled; the scalar signals d and
u represent a fixed exogenous disturbance and the control action,
respectively; z and. y represent the regulated output subject to
performance constraints and the measurements available to the con-
troller, respectively; 6 is the impulse function; W7r(s) is the Laplace
transform of d; Wo is an output weighting function representing
performance requirement; ¢ is the weighted output; and .S represents
the generalized plant. Then the L.o-control problem can be stated
as follows.

Problem 1 (Lo ): Find an Lo.-internally stabilizing controller
such that the Lo norm of the impulse response ¢(¢) of the
closed-loop system from & to ¢ is minimized, i.e.,

() =,

. inf . Al
# Lw—stelllgilizing K mfstg];ifiizing K l¢®)lle- (1)
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8— P z_.C

u S y

Fig. 1. The generalized plant.

Remark 1: Note that L stability does not imply either exponen-
tial or bounded-input/bounded-output stability. Thus, compared to the
discrete-time counterpart of the problem [6], we relax asymptotic
stability to Loo-internal stability. Clearly, asymptotic stability is
necessary for the actual (without input and output weights) closed-
loop system from d to z but not for the weighted one. Relaxing the
stability requirement allows for finding an optimal solution for the
Lo problem (see [11] for details). Internal asymptotic stability of
the actual closed-loop system can be enforced through the use of
appropriate weights [11].

By using a slight generalizaiion of the Youla parameterization, the
L -optimal control problem can be recast as [11]
ro= Loo —sc;%ifiizing K “(b(t)]lﬁw

Jnf [[R(t) = u(t) xa(®)]| s @

where H(s) and U(s) are both stable functions. In the sequel we
will assume that U () has no zeros on the imaginary axis. Thus (by
absorbing its stable zeros in () if necessary), we can assume that all
the zeros of U(s) are unstable. Under this assumption, the solution
to (1) is given by [11]

" = max |:ZO(]‘ Re H(z;) + Zaﬁn Im H(z]-)] 3)

Jj=1 J=1

subject to

J
where z; denotes the zeros of U(s).

In [11] we analyzed the structure of the solutions to this infinite-
dimensional optimization problem and we showed that, in gen-
eral, they contain delay terms thus leading to nonrational transfer
functions. Given the difficulty of implementing these controllers,
and motivated by the results of {2}, we will search for rational
approximations to the optimal solution. To this effect, proceeding
as in [2], we introduce the EAS.

<1 @)

z ajRe{e %'} + Zaﬂ_n Im {e %%}
=1 =1

C. The EAS and Its Properties
Definition 2: Consider the continuous-time system

A B
G(s) = (C D>- ®
Its EAS is defined as the following discrete-time system:
E _(I+7A 1B
Fen= (T4 ) ©

where 7 > 0.

From this definition it is easily seen that we can obtain the
EAS of G(s) by the simple variable transformation s = =1, ie.,
GF(z,7) = G(2=1). Moreover, by a slight generalization of [2, Th.
2] it can be easily shown that if GF(z,7) is asymptotically stable
(or I stable), then (5) is also asymptotically stable (or Lo stable).
Conversely, if G(s) is asymptotically stable, there exists Tmax > 0
such that for all 0 < 7 < TmaxGE (2.7) is asymptotically stable.
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Definition 3: Consider the system
&(t) = Ax(t). @)

A set ¥ C R™ is a positively invariant set of (7) if for any initial
condition x, € ¥, the corresponding trajectory z(¢,x,) € ¥ for all
t. A similar definition holds for the case of discrete-time systems.

We now introduce a key property of the EAS, the fact that for
strictly proper systems, the [, norm of the impulse response of the
EAS scaled by 7~ is an upper bound of the L., norm of the impulse
response of the corresponding continuous-time system.

Theorem 1: Consider the strictly proper continuous-time system

z = Az + Bv
(3)
(=Cxz
and its corresponding EAS
z(k+1)= (I +7A)a(k)+ rBv(k)

9
(k) = C(). ©

Assume that GF(z,7) is I stable. Then we have that (8) is Loo
stable and such that [|g(t)||lc.. < Zllg%(k,7)llie. where g(t)
and g% (k,7) are the impulse responses of G(s) and GZ(z,7),
respectively.

Proof: Lo stability of (8) follows from /., stability of GF¥(z,7)
and [2, Th. 2]. The second claim will be established by extending
the proof of [10, Th. 1] to l-stable systems. To simplify the
expressions, take & = —1 as initial time for the EAS so that
Lg¥(k,7) = Ca(k,7) and g(t) = Cx(t), where z(t) and x(k,7)
are the free-state responses of (8) and (9), respectively, taking the
vector B as the initial condition. Denote by n the dimension of A.
We assume (without loss of generality) that (A, B) is a reachable
pair. This is both a necessary and sufficient condition for the EAS to
be reachable for all 7 > 0. The reachability of (I +7A, 7B) implies
that the sequence x(k, 7) spans R". Denote by S(7) the convex hull
of the set of points {xx(i,7), ¢ = 0,1,---}. By definition S(r)
is a positively invariant set for (k + 1) = (I + 7A)x(k). Since
z(i,7), i = 0,1,---, span R", the set S(7) is convex and contains
the origin in its interior.

Denote by 5(7) the closure of $(7). Since G¥(z,7) is I stable,
5(7) is compact. We now prove that it is a positively invariant set for
z(k+1) = (I+1A)x(k). For any point zo on the boundary 95(7),
we can find a sequence {z;, ¢ = 1,2,:--} in §(7) approaching xo.
The sequence {(I + 7A)z;, i = 1,2,---} is also inside S(7) and
approaches (I + 7A4)zo. So we must have (I + 74)zo € S(7).

By generalizing the proof of [1, Th. 2.2 from polytopes to general
convex, compact sets, it can be shown that S(7) is also a positively
invariant set for &(t) = Axz(t). Since z(0) = B = z(0,7) € S(7),
it follows that the state impulse response z(¢) of (4, B) € 5(r).
Define the set

P(p)={x € R" :|Ca| < p,p > 0} (10

then
1, &
29" (ks )l = sup|Ca(k, 7))
T k>0

=inf{p > 0: a(k,7) € P(p), forall k > 0}.
an

Therefore the points +z(i,7), ¢ > 0, are in the set P(%HgE
(k,7)}li.). Since this set is convex and closed, both S(7) and
S(7) are its subsets. As x(t) € S(7), we have [|g(D)|lc.. =
supes [C2(0)] < Flg” (k- O
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Remark 2: 1t is important to note that Theorem 1 only holds for
strictly proper systems. When D does not equal zero, the impulse
response g(t) of the continuous-time system will have an impulse
function and hence it will no longer belong to L. It follows that
an Loo-optimal solution will always render the closed-loop system
strictly proper. Since discrete-time /. -optimal solutions do not share
this property, additional precautions must be used when attempting
to use the EAS approximation.

III. MAIN RESULTS

Motivated by [2] and Theorem 1, we may want to consider the
lo-optimal control problem for the corresponding EAS system
inf ||h” * 12
nf 8% = u® % qu., (12)
where % (t) and v (t) are the EAS of h(t) and u(t), respectively.
However the l.-optimal closed-loop system is not strictly proper in
general. To apply Theorem 1 we must add to the optimization problem
(12) an additional constraint, namely that ®%(z) = H®(z) -
UE(2)Q(z) must be strictly proper, or equivalently ¢£ = &(c0) =
0, resulting in the following nonstandard /..-optimization problem:

subject to ¢5 = 0. (13)

. E E
pe = inf [[B7 —u" xqli,
€l

Consider first the simpler case where both H and UZ are strictly
proper. In this case the additional condition is automatically satisfied,

and it is easily seen that (13) is equivalent to'

pp = inf [|So+ (h" = v <)l (14)
where S7, denotes the left-shift operator. Consider now the case where
HP(z) and U¥ () are proper, but not strictly proper. Clearly, for the
Lo problem (2) t0 have a finite solution, if A% = HF (co ) = 0, then
we must have Uo = UE(oo) # 0 and must select g, = Q(c0) =
hE/u Define H(z) = HE(z) UE(2) * ¢, (note that H(z) is
strictly proper and such that H(zF) = H”(2F)). The lo, problem
can be rewritten as

pp = inf [|HP(2) = UF(2)Q(2)]lt, subject to 7 =0
g€l
— E E _ UE(2) il
= inf | H”(2) = UP(2)g0 - — ;qzz l
. e
subject to ¢o = %
= inf H(z) — U(2)Q(2)]l
= dnf 20 (z) = U5()Q()li. as)
where U(z) = Y ;(2) and Q(z) = 2(Q(z) — ¢o), and where that last

equality follows from the fact that both H(z) and U(z) are strictly
proper. Since H (2£) = H®(2F) for all the unstable zeros of U (z),
1t is straightforward to verify that both (14) and (15) have the same
dual problem. These results are summarized in the following lemma.

Lemma 1: The nonstandard [, problem (13) can be solved by
transforming it to a standard [, problem in either form (14) or form
(15). Furthermore, both (14) and (15) lead to the same dual problem

ug_max {Z,&Re{z b }+Zﬁ1+n1m{z gr ( )}}
subject to Z

k=0

A e{ (F) ™)

i=1

! Alternatively, the original /o problem can be solved, adding the additional
interpolation constraint ®(c0) = H(oco) = 0. A simple computation shows
that this is equivalent to (14).
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(16)

+ B Im{(sF) 7"} <1
=1

where zZ denote the unstable zeros of UF(z).

After solving this dual problem, we get a strictly proper closed-
loop system ®F(z) and an optimal controller K (z). Transforming
back to their continuous counterparts ®pas(s) = (1 + 7s) and
Kras(s) = KZ(1 4+ 7s), we have that $gas(s) is Lo stable and,
from Theorem 1, [|¢gas(t)||c, < Z2. It can be shown that Pras(s)
satisfies the interpolation conditions. Hence we can use ®Eas(s) and
KEas(s) as approximations to the optimal closed-loop system $(s)
and optimal controller K (s) of the Lo, problem, respectively.

Next we show that the error of the resulting approximation goes to
zero when 7 — 0. Furthermore, we indicate how to select T a priori
to meet any prespecified error bound.

Theorem 2: Given any € > 0, we can find a 7 a priori for the
EAS method such that

* [ B
W <19, < B2

<pt(1+e)
where ¢®2° represents the impulse response of the closed-loop
system obtained using the EAS method. Moreover, the approximation
error converges to zero as fast as O(r).

Proof: Consider the optimal {..-control problem for the EAS
(14) or (15) and their dual (16). By [2, Th. 2] there exists Tmax such
that UF is stable for all 0 < 7 < Tmax. Moreover, U® has the
same number of unstable zeros as U (s) since U(s) has only unstable
zeros. Let

a;i = fi Re{z } + Bitn Im{zF}
aipn = =B Im{z } + Bizn Re{z .

By direct calculations it can be easily shown that an alternative form
of (16) is

UE = max {Za Re{HE

1=1

}+z% I {H (2 E>}]

an
subject to
lIre(k, 0l =3 |3 ai Re { (2F) ™71}
k=0 |1=1
+3 i Im{(:F)"" T} <1 (s
=1

From the relationship between the EAS and its corresponding con-
tinuous system, the above dual problem is equivalent to

pp = max {Z i Re{H(z)} + Zam Im{H(zi)}] (19)

subject to
Ire(kally =Y |D " aiRe{(1+72)""")
k=0 [t=1

+ > in Im{(1 4 72:) 771}

1=1

<1, (20)

Let us see how this problem can be related to the L. problem. The
dual problem of L..-optimal control is

ut= = max [Z a; Re{H (zi)} + Za1+n Im{H( Zz)}:l 21)

=1
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subject to

lIr (&, e)llz,

:/Om

The difference between the two problems is in the constraints. Let us
first sample (¢, ) at the time points ¢ = k7 and approximate the
integral [ r(t,a)dt with an infinite sum Y 72 7r(tx, o). Second,
approximate the irrational terms e~ *i** in (¢, ) by rational terms
1+ frzi)_k, obtaining a constraint identical to (20), up to a scaling
factor 7. This scaling leads to the same scaling in the optimal cost.
So the EAS method can be thought of as a two-step approximation
of the original L..-optimal control problem.

We now derive an upper bound on any « satisfying the constraint
(18). Moreover, this bound is linear in 7. Assume, without loss of
generality, that 1/7 is an integer. Define

Z o Re
+ Z Qitn Im{ (
=1

Then [[re(k, o), = 2307 [lrk(k,@)lli, . A bound on [|afly for
all o satisfying the constraint ||7z(k, o)||;; < 1 can be obtained as
follows. Consider the following sets:

Zag Re{e "'} + Z @isn Im{e " Hdt < 1. (22)
=1 1=1

—k/7— ]}

ZiE)flc/T*j} j=1~,2,"'71/7_'

Si(r) = {a: HT’E (kya ||l <1}

R(t) = {a: |rlf7(k,a)| <1 for k=0,1,---,p—1}

where p > n. Clearly Si(7) C R(7). Hence sup,¢g, llofli <
Sup,cp |ladli. Moreover, from Theorem 1 it can be shown that if
71 < T2, then Sy (1) C S1(72). It follows that given 7, a bound on
[la(7)|l1 for all = < 7 is given by

sup [la(n)lh < sup (ol S IF (Dl (23)
a€eSi(7) aER(T)
where F(-) is a p x n matrix defined by
F(r) = (Re {(=}) ™/ Hm{(:F)"""})
j=1,-+,n and i=1,---,p
and where ||-||1,1 indicates the matrix norm induced from (R”,||-||1)

o (R™,| - |l1). Note that since p > n, F(7) has full column
rank. Hence its left inverse F~'(7) is well defined. Similarly, it
can be shown easily that an upper bound on any « satisfying
7% (k, a)ll;; < 1 is given by

lladls < 1F (Pl max {[(=F)" 71} < IF @)l @4

Therefore, (24) provides a common upper bound independent of
7 on ”Oé“] SatiSfying ”T]E(kva)”ll S 17 ] = '71/7-' It
follows that an upper bound on any « satistying ||re(k, )|, =

1 .
Y lrp(k,a)lly < 1 is given by

lladl < FIIFE (Pl

where 7 is fixed. Now, given any ¢t € Ry, assume that the constraint
(18) is satisfied. Selecting k such that ¢z < t < tz41 we have that

- {Z a;Refe ™'} + Zam—n Im{e‘““’}] 1
i=1 i=1

(25)
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< llodly max{|(1+ 7z)

—k—1 _ e—zltl}

—k—1 _ 6—zitk+1 l}

e

<l (max{](1+ 72:)

+ m‘ax{|e*zit’°+1
i

< lladh <maX{le”tk“|
k2

+ max{|e” "k |1 —

!

<t (v 0] )

+ max{|e” |1 - ez"r|})

(111:2«,')_1(}

2 ¢k, 7). @6)
From (26) it follows that |7(¢, )| < |re(k, )| + é(k, 7) and
oo s tot1
Irtallles = [ Irteatie =Y [ (el
0 k=0"tk
<y etk o)l + ék,7)]
k=0
<14+ ék )| =71+ e(r) @n
k=0

where ¢(t) £ $73°  é(k, 7). Each of the terms in Y 4o, € can be
bounded as follows: ’
- 1 \F|| esm
e(r) = max (k+1)‘<1+rz,-> l+7‘21‘_1'
k=0
|72l '
(11472 = 1)? 2(1 = |r=)) }

|1+ 72
|z,|2‘ 1+ |7z
2(Re{zi})? 1 — |7z
|=]*

(ﬁ m{mD @®

)& Y max{le™ 1 - e}
k=0

< nrnax{'ll_j'—z:j:—;} <—7 nmax{ R| {Jl} }) (29)

<n max{
1

<n max{

e2(T

Thus
e(r) £ (k.7
k=0

<ot 520 {1 )
< ETH D)
+ |7z le¥™ — 1|
X n(nmx{m} + mzax{——‘lezﬂl — }) 30)

Given any ¢ > 0, we can always choose a T such that ¢(7) < e.
Note that (28) also holds for o™ which solves the dual problem of
EAS and that

(h,r(t, ™)) = ZafH(zz) = uE

=1
so we have
* hv ]. D
L =max< . max (k) > M
r20 |[7llzy  Mrlle, <rC4a T(L+€) = 7(1+¢)
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Finally, to prove the last part of the theorem consider the Taylor
expansion of (30). Note that

feim = 1] a4 gi(zim)® + g(zmr)® |

Iezm'l -1 - eRe{zi}‘r -1
< |zir] + Flarl + glairl’ + - '
= Re{zi}7 + S (Re{z:}7)? + & (Re{z:}7)3 + -+
' (€29)

Thus we have that %E —p" < eu” — 0 as O(7) [since € — 0 as
O(1)1. ]
" The following lemma is a straightforward application of [6, Th.
5] to the EAS.
Lemma 2: Given any ¢ > 0, an l.-suboptimal control for the
EAS problem with cost g such that

pe Sp<pp(lde)

can be found by solving a system of linear equations. Moreover, the
suboptimal closed-loop system has finite support. A lower bound for
the number of support NV can be obtained from

( E ) —(N+1)

(1= (£)7)
where F(0) 2 (Re{e™™} | Im{e™**’}) j = 1,---,n and
i=1,--,p, and where zZ = min;{|zF|} = min;{|1 + 72]}.

Combining the results of Theorem 2 and Lemma 3, it follows that
a rational suboptimal solution to the £..-control problem can always
be found, and its cost can be made arbitrarily close to the optimal
cost 4. Denoting the L., norm of the rational suboptimal solution
as pr, then by Theorem 1 we have ur < p/7. Given any ¢ > 0,
we can easily find €; > 0 and €2 > 0 such that

IF7H0)j1 <€ (32)

€1 +é2+e1e2 < €.

If we select 7 according to Theorem 2 such that the error bound €; is
satisfied and select NV -according to Lemma 2 such that error bound
€2 is satisfied, we have that

np—n < E o
T

(- )+ (12 0)
T T T
<P 4 uta
T
Suie+e+eae) <pe
Therefore the given error bound € for the rational suboptimal solution
is satisfied. Moreover, since the finite support /.. -suboptimal solution
for the EAS problem is internally asymptotically stable, so is the
corresponding suboptimal solution to the Lo-control problem.

‘We have shown above that the EAS method is an effective way to
obtain a rational approximation to the L.-control problem. There
exist, of course, many ways to develop rational approximations.
Next we will show that the EAS approximation is the best one
among a certain subset (7, N) of the set of rational approximations,
in the sense that it yields the tightest upper bound. For a given
0 < 7 < Tmax and a given N > 0, the closed-loop system obtained
using the EAS method is

N
B(s) = Z SE((1+7s)70
Define

N
Qr,N) = {cp(s) =D ()14 75) " B(ak)

i=1
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:H(zk),kzl,vk--,n}. (33)

Clearly, all elements in Q(7, N) (including the EAS approximation)
can be thought of as rational approximations of the L..-optimal
closed-loop system. Let v 2 max;{|¢:(7)|, i = 1,---, N}. Since
7 is the loo norm of the EAS of ®(s) = S0, ¢i(T)(1 + 7s) 7", it
follows from Theorem 1 that

lé(@)lce < -
and ]
lim 2 = [|¢(t)llc...

The following theorem presents a result based on this upper bound
of [|¢()llcwe-

Theorem 3: The rational approximation of the L.o-optimal con-
troller given by the EAS method leads to the smallest upper bound
~/7 among the elements of the set (7, V).

Proof: Consider the following set:

N
Qp(r,N) = {¢E<z>: ZW—Z: 37 (2f)

=HE(Z,§),k=1,2,---,n}. (34)

For every ®¥(z) in Qp(r, N) there is a ®(s) = (1 + 7s) in
Q(r, N), and vice versa. Since v = ||¢Z |1, , the closed-loop system
®F obtained by solving the optimal /..-control problem for the EAS
certainly has the smallest v among the elements of the set Qg (7, N).
It follows that the rational closed-loop system obtained using the EAS
methods also has the smallest upper bound /7 among the elements
of the set Q(7, V). 4d

Remark 3: The theorem only states that the rational approximation
obtained using the EAS method is the best one in the sense that
it leads to the smallest upper bound ~/7. However, following a
procedure similar to [10], it can be shown that this bound converges
monotonically to the optimal cost. Hence the gap between the upper
bound and the actual £., norm vanishes as 7 — 0.

IV. AN EXaMPLE
Consider the plant
_s5—2

P(s) P

with a step disturbance d. We want to design a controller C'(s) to
minimize the amplitude of the regulated output z(t) (z(s) = ®(s) =
(1+ P(s)C(s)~"d(s)).

Since the output is not weighted, we have only an input weight
Wi(s) = d(s) = % To get a Youla parameterization, a precompen-
sator containing this dynamics must be used. We choose a proper
precompensator 2L, Then the problem becomes that of finding an

s

L oo-stabilizing compensator C'(s) for the augmented plant

o= (4=

such that the amplitude of z(¢) is minimized. One Youla parameter-
ization is given by
®(s) = H(s) - U(s)Q(s)
_ 66-1  _ (-1(-2)
(s+1)(s+2) (s+1)(s+2)2

(s).
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For this plant the exact £ -optimal solution can be obtained and is
given below (see [11])

a(s) = 21— 2(2)]

with optimal cost 4™ = 2 and corresponding £.-optimal controller
given by
(s— DA™ - 1)
C(s)= —%——"———2.
(s =2)(2-4(2)~°)
We proceed now to find a rational controller using the EAS method.
Let e = 0.1. With 7 = 0.001, according to (30) with T = 1 we

have e(7) = 0.0901 < 0.1. The Youla parameterization of the EAS
problem is

8(z) = 2(H"(2) - UP(2)Q(2))

where

By _ gf2=1\ _  0.006(z - 1.001)
= H< T > ~ (2 - 0.999)(z — 0.998)
UF(2) = U(z - 1) _ 0.001(z = 1.001)(z — 1.002)

T

(z —0.999)(z — 0.998)2

Since zUP(z) has only two unstable real zeros, the l..-optimal
control for the EAS problem can also be solved exactly. The optimal
cost is

pe = 0.0020014

and the optimal solution is of the form

g—1 oo
(z)=do Y 2 gz =0 » 27
=0

i=q+1
with ¢-= 693, ¢o = 0.0020014, and 6, = —0.000024 7. So
() = 271 ®(2)
= 0.002001 4%(1 — 227593 4 00197672 7%"
and the rational closed-loop system obtained using the EAS method is
Ppas(s) =®F(1+175) = 2.0014%(1 — 2(1+4.001s)7%%)
+.001976 7(1 4+ .001s) %

with ||¢pas(t)|lz., < prp/T = 2.0014.

Note in passing that 7 could be much larger than the value
estimated from (30) to satisfy the given approximation error €. For
this example, even with 7 = 0.1, we can get an optimal cost
1 = 0.213 64 which still satisfies the ten percent error requirement.
This larger value of 7 results in a lower-order approximation

Ppas(s) = 2,13641(1 —2(1+.15)77) +0.12052(1 + .15) ",
S

V. CONCLUSION

We have shown in [11] that the L..-optimal control problem
leads to nonrational closed-loop systems, even when the augmented
plant is rational. In this paper we present an EAS-based method to
obtain rational L.-suboptimal solution for general SISO systems.
The suboptimal cost can be made arbitrarily close to the optimal cost
by selecting a sufficiently small value of the parameter 7. Moreover,
T can be selected a priori to satisfy a given approximation error
bound. It is also shown that the rational approximation obtained
using the EAS method is the best one among certain sets of rational
approximations, in the sense of yielding the tightest upper bound.
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Even though rational approximations are available, further work
toward obtaining exact solutions for general systems is worth pursu-
ing. This is not only of theoretical interests but will also enhance our
understanding of the £ -optimal control problem and the structure of

- the optimal solutions. A model reduction technique in the context of

L -optimization would be of significant practical value since rational
L oo -suboptimal controllers may have very high order.
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