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Abstract

A successful controller design paradigm must take into account both
model uncertainty and design specifications. Model uncertainty can
be addressed using either H or I robust control theory, depending
upon the uncertainty characterization. However, these frameworks
cannot accommodate the realistic case where the design specifications
include both time and frequency d In this paper we
address these problems using a mixed }, /Ho, approach. This approach
allows for minimising the worst—case peak output due to a persistent
disturbance, while, at the same time, satisfying an H —norm constraint
upon some closed—loop transfer function of interest. The main result of
the paper shows that mixed !j /M, optimal controllers can be obtained
by solving a seq; of problems, each one ing of a finite-
di ional convex optimi and a standard, unconstrained He
problem.

I. Introduction

A large number of control problems involve designing a
controller capable of stabilizing a given linear time invariant
system while minimizing the worst case response to some
exogenous disturbances. This problem is relevant for in-
stance for disturbance rejection, tracking and robustness to
model uncertainty (see [11] and references therein). When
the exogenous disturbances are modeled as bounded energy
signals and performance is measured in terms of the energy of
the output, this problem leads to the well known #, theory.
Since its introduction, the original formulation of Zames [13]
has been substantially simplified, resulting in efficient com-
putational schemes for finding solutions. The #,, framework,
combined with p~analysis [4] has been successfully applied to
a number of hard practical control problems (see for instance
{7]). However, in spite of this success, it is clear that plain o,
control can only address a subset of the common performance
requirements since, being a frequency domain method, it can
not address time domain specifications. Recently, method-
ologies incorporating some classes of time domain constraints
into the H,, formalism have been developed [8-10]. However,
in its present form these techniques allow only for shaping
the response to a given, fixed input.

The case where the signals involved are persistent
bounded signals leads to the I; optimal control theory,
formulated and further explored by Vidyasagar [11-12] and
solved by Dahleh and Pearson both in the discrete [2] and
continuous time [3] cases. These methods are attractive since
they allow for an explicit solution to the robust performance
problem [6]. However, they cannot accommodate some
common classes of frequency domain specifications (such as
H; or He bounds).
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In this paper we propose a method for designing mixed
li/Hw controllers. These controllers allow for minimizing
the l; norm of the closed-loop transfer function between
an input-ouput pair of signals, while at the same time
satisfying an . norm constraint upon the transfer function
between a different pair of signals. Qur approach resembles
that of Boyd et. al. [l] in the sense that we use the
Youla parametrization to cast the problem into a semi-
infinite convex optimization form. However, in a significant
departure from [1], where several approximations where used
in order to obtain a tractable mathematical problem, we use
the special structure of the problem to find a global solution.
The main result of the paper shows that this solution can be
found by solving a sequence of modified problems, each one
entailing solving of a finite dimensional convex, constrained
optimization problem and an unconstrained M. problem.
Moreover, the proposed solution method yields, at each
stage, a feasible controller (in the sense of satisfying the M
constraint) that provides an upper bound on the optimal
cost.

The paper is organized as follows: In section II we
introduce the notation to be used and some preliminary
results. Section III contains the proposed solution method.
In section IV we present a simple design example. Finally,
in section V, we summarize our results and we indicate
directions for future research.

II. Preliminaries

2.1 Notation

lo denotes the space of bounded real sequences ¢ = {g:}
equipped with the norm ||q|ji 2 sup |gs|. |, denotes the space
k

of real sequences, equipped with the norm |jg}}, = f: lq| < oo.
=0

Lo denotes the Lebesgue space of complex valued transfer
functions which are essentially bounded on the unit circle

with norm |[T(z)||,,=A=|sup [T(2)l. Mow (Mow~) denotes the
11=1

set of stable (antistable) complex functions G(z) € Lo, i.e.
analytic in |z} > 1 (jz| < 1). The prefix R denotes real
rational transfer matrices. Given R € Lo, ['y(R) denotes its
maximum Hankel singular value. Given a sequence g € /; we
will denote its z-transform by Q(z). It is a standard result
that g € l; iff Q(2) € RH. Throughout the paper we will use
packed notation to represent state—space realizations, i.e.

= -1 A A B
G(z) = C(2I - A) B+D_(—L—C D
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Given two transfer matrices T' = (T” ]”) and ¢ with
TZI T22

appropriate dimensions, the lower linear fractional transfor-
mation is defined as:

A(T, Q)éTll + T2Q(1 — T22Q) 1T

Finally, for a transfer matrix G(z), G2G'(!), where ' de-
notes transpose.

2.2 Statement of the Problem

Consider the system represented by the block diagram
1, where 5 represents the system to be controlled; the
scalar signals we, (a bounded energy signal), w; (a persistent
lo signal) and u represent exogenous disturbances and the
control action respectively; and (», (1 and y represent the
regulated outputs and the measurements respectively. Then,
the mixed I,/Ho, control problem can be stated as: Given the
nominal system (S), find an internally stabilizing controller

u(z) = K(2)y(2) (©)

such that worst case peak amplitude of the performance
output [|{;]le due to signals inside the l,-unity ball is
minimized, subject to the constraint ||T¢ v, |l < 7-

Q] I
O ————| S L)
u T — Y

Figure 1. The Plant

2.3 Problem Transformation

Assume that the system S has the following state-space
realization (where without loss of generality we assume that
all weighting factors have been absorbed into the plant):

A I B, B, Bs
C, Dy Dy Dis (5)
C, D3y Dy Dy

Ca Dzl D32 D33

where D;3 has full column rank, Dj; has full row rank,
and where the pairs (A, Bs) and (Cs, A) are stabilizable and
detectable respectively. It is well known (see for instance
[14]) that the set of all internally stabilizing controllers can
be parametrized in terms of a free parameter @ € Ho, as:

K=7x(J,Q) [¢))]

where J has the following state-space realization:

A+ ByF+ LCy + LDuwF | -L Bsy+ LDs

F 0 I ()
—(C3+ DaaF) I —Ds
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and where F and L are selected such that A + B3F and
A + LC; are stable. By using this parametrization, the
scalar closed-loop transfer functions T;_ .., and T¢., can
be written as:

Ttwva(2) =Ti*(2) + T(2)Q(2)
Teow(2) = Ti(2) + Ta(2)Q(2)

where T;,T,Q are stable transfer functions. Moreover
(see [10, 14]), it is possible to select F' and L in such a
way that 7(z) is inner (i.e. Ty°7T3> = I). By using
this parametrization the mixed !,/*, problem can be now
precisely stated as solving:

)

B = QdaL Tl = inf S (b /o)
subject to:
IT5(2) + T(2)Q(2)lleo < ¥ ()

where {t;} and {g:} are the coefficients of the impulse re-
sponses of T¢,,, and @ respectively.

III. Problem Solution

In this section we show that the mixed {;/H, problem
can be solved by solving a sequence of problems, each
one requiring the solution of a finite dimensional convex
optimization problem and an unconstrained ., problem.

3.1 A Modified /,/H, Problem

Since all the solutions to a suboptimal Nehari extension
problem of the form }|R + Q|| < 7 can be parametrized
in terms of a free parameter W(z) € RHw,||[Wllo < 7*
problem U /H,, can be thought of as an optimization prob-
lem inside the origin centered y-1-ball. However, even
though the space Ho is complete, it is easily seen that
the «-ball is not compact. Thus a minimizing solution
may not exist. Motivated by this difficulty, we introduce
the following modified mixed l;/H. problem. Let M s =
{Q(2) € Hoo: Q(2) analytic in|z| > §} and define the Ii/He s
problem as follows: Given Ti(z),T3(2), T(2),Tf*(z) €
RMoo,s, find

#8= ool 1Tl (l/Hooys)

subject to:
I175°(2) + T5°(2)Q(2 Nieo,s < ¥

where § <1 and ||Q||m,5—A—-I81|1_p6]Q(z)|.

Remark 1: From the maximum modulus theorem, it
follows that any solution @ to !;/He,s is an admissible
solution for l; /M. It follows that p? is an upper bound
for pe.

Remark 2: Problem l;/Hq, s can be thought as solving
problem ; /Ho, with the additional constraint that all the
poles of the closed-loop system must be inside the disk of
radius §. A parametrization of all achievable closed-loop
transfer functions, such that T, T satisfy this additional
constraint can be obtained from (1) by simply changing
the stability region from the unit-disk to the §-disk using
the transformation z = §% before performing the factor-
ization. Furthermore, by combining this transformation



with the inner-coinner factorization, the resulting 73°(2)
satisfies Tpo(62)T3°(2) =

Next we show that a suboptimal solution to Ii/He,
with cost arbitrarily close to the optimum, can be found by
solving a sequence of truncated problems, each one requiring
consideration of only a finite number of elements of the
impulse response of T¢.,. To establish this result we will
show that: i) l;/H. can be solved by considering a sequence
of modified problems {;/Hc . ii) Given € > 0, a suboptimal
solution to I;/HMu s with cost no greater than ¢ + € can be
found by solving a truncated problem.

If Q satisfies ||R + Qllw,s < 7, 8InCE ||.|lo0,s i8 submulti-
plicative, we have:

1T (2)lloo,s < 1 T1lloo,s + (| Tlloo,s1|Qloo,s ©6)
< I Tillee,s + 1 Tallo,s (Y + (1 Rllea,s) 2 K

The desired result follows by selecting N > N, =
logc‘l-‘—ﬁlﬁ—lql{ °
og

e Lemma 3: Consider the following optimization prob-
lem:

o Lemma 1: Consider an increasing sequence §; — 1. Let
pu° and p; denote the solution to problems I,/#, and
11 /M s, Tespectively and assume that I'g (T3 T) < 7.
Then the sequence g; — pu°.

Proof: From the maximum modulus theorem it follows
that the solution @Q; to l;/He,s is a feasible solution
for l;/Mc,s.,,- Thus, the sequence p; is non-increasing,
bounded below by the value of ||T¢,u,|l; obtained when
using the optimal /; controller. It follows then that it has
a limit g > p°. We will show next that 4 = pu°. Assume
by contradiction that u° < u and select p° < fi < pu.
Let R2TyTe. Since Ty(R) < v, it follows that there
exists Q; € RMy such that |[R+ Q|| = T'a(R) < 7.
From the definition of u° it follows that, given > 0,
there exists Q, € RHo, |[R + Qolie < 7, such that

IITc.u.(Qo)||:<#°+7I Let Q2Q. +€(Q. - Q.). 1t follows

uTc.u,(fg)ul <p 40+ elTa(Q1 - Qo)
IR + Qlloo < €llR + Qilloo + (1~ IR+ Qullen < 7

Since Q € RHy it follows that there exists 6, < 1
such that T + TeQ is analytic in |2| > 6. Since
1T + T2°Qllos < v, it follows from continuity that there
exists §; < 1 such that || + T,“‘Q".,,,‘, < 4. Therefore,
by taking € and 5 small enough and §2 max {51,6,} <1
we have that [T + T5*Qllee,s < 7 and [[Te,un (@l < .
Hence for & > 6, p; < ji. However, this contradicts
the fact that the sequence p; is non-increasing and that
B<p=limpo.

Next we show show that, given € > 0, a suboptimal

solution to [; /e s, with cost u§ such that ug < pf < ug+e
can be found by solving a truncated problem.

e Lemma 2: Let € > 0 be given. Then, there exists
N(e,8) such that if Q € He,s satisfies the constraint

IR+ Qllwo,s <« then it also satisfies 2 [ts] < €, where

ty denote the coefficients of the 1mpulse response of
Te, =T1 + TQ.

Proof: Since Q € Hoo,s, T¢,u, 18 analytic in |z| > § and:

=1 oy
tb = 7;_5 el=s T(,U,(Z)Z dz (4)
Hence
|tll < "T(,w,“m ‘6‘
z It < lTCnn:”cn Ll ) . (5)
i=N

mm Z [tl = |l£: + 74l (/M)
subject to:
IR+ Qliw,s <y
where: A
6H=(t, ... tin-1)
i3, 0 ... 0
t 12 ... 0
r= ?1 20 - %)
t”',_l - 2,
2(q - v

and where g, denote the k** element of the impulse
response of Q(z),Ti(z) respectively. Let Q* and T¢,,,
denote the optimal solution and define pj = ||T¢,,, |
Then pg < pj <pg+e

Proof: ug < p§ is immediate from the definition of
u3. Denote by Ty, and T¢,, the solution to problems
Ii/He, s and Iy /He,s Tespectively and let tf, tf be the
corresponding impulse responses. Then:

K5 = 1Tl =1t

=0

N-1 o0
=3+ 31l
i=0 i=N

N-1

<2|t‘|+e<2|t‘|+e-—u,+e °

i=0 i=0

By combining the results of Lemmas 1, 2 and 3, the
following result is now apparent:

e Lemma 4: Consider an increasing sequence §; — 1.
Let p° and pj, denote the solution to problems li/He,
and l,/H¢, ;. respectively. Then the sequence x, has an
accumulation point f, such that p° < i, < p° +¢.

3.2 The #,, Performance Constraint

In the last section we showed that I;/#, can be solved
by solving a sequence of truncated problems. In principle
these problems have the form of a semi-infinite optimization
problem, and can be approximately solved by discretizing
the unit—circle and applying outer approximation methods
(see [5]). In this section we show that each problem h/Hz, ;
can be ezactly solved by solving a finite dimensional convex
optimization problem and an unconstrained #, problem.
Moreover, since the solution to this #. approximation prob-
lem is ratlona.l it follows that the solution to ly/H¢, ; is also
rational. To estabhsh this result, we recall first a result on
constrained Nehari a.pproxxmatlon problems:



Let R € RHy and @Qp = Zq.“be

given. Then there exist Qr € RH o, such that ||R +Qr+
2-¥Qgllw <7, iff |Qll2 < ¥ where:

o Theorem 1:

yANz A" tbe ... yAgbe yb
Ag 1 N_Zb e Ve chc dg + Qo
_ A ’z cGA -3 ds +qo 3
CGAGZ Cabe de + go . 'IN.-s ‘IN.-z
cgT da+Qo q1 e gn-2 gn-1
G-pga(fe  fo
g I dc
z=1Lé
y=L}

(8)

and where L, and L, are the discrete controllability and
observability grammians of G, i.e they satisfy the discrete
time Lyapunov equations L, = AgL.A; + beb; and L, =
A'GL,,AG + C’GCGV

Proof: See Theorem 2 in [10] or the corollary to Theo-
rem 3 in [8].

Combining Lemma 3 and Theorem 1 yields the main
result of this section:

o Theorem 2: A suboptimal solution to l1/Hw,s, with
cost p., < HE < ps+e€is given by Q° = Q3 +2-¥ Q% where
Q= Eq-z' 2 =(4-.

finite d)mensxona.l convex optlmlzatlon problem:

.qn_1) solves the following

¢°= argmin ||t; +7gllx (9)
ge RV
lgllz <
and Q% solves the unconstrained approximation problem

Qx(2) = 27V Qr(2)lw0,s
= argmin ||[R(2) + Q% + 27" Qr(2)llw,s
QRERM oo,

argmin ||R(z) + Q% +
Qr€Hos,s (10)

where R = TgoT®, t,,7 are defined in (7) and N is
selected accordmg to Lemma 2.

Remark 3: By using the transformation z = é2 we have
that:

1R(z)+ Q3(2) + 27 Qr(2Nos
=||R(62) + Q%(62) + 6 V2~ ¥ Qr(62)ll
2|R(2) + Q3(2) + ¥ Qr()llw
= 1Z¥(R(2) + Q3(2)) + Qr(3)ll

where we used the fact that 2% is inner in Xo. It follows
that the approximation problem (10) is equivalent to the
following unconstrained Nehari approximation problem:

O3, = argmin |27 (R + Q%) + Qalle (11)
QRERH oo

3.3 Synthesis Algorithm

Combining Theorem 2 and Lemma 4, it follows that
a suboptimal solution to !/, with cost arbitrarily close

to the optimum, can be found using the following iterative
algorithm.

0) Data: An increasing sequence §; — 1,6 > 0,1 > 0.

1) Solve the unconstrained I; problem (using the standard
1, theory [2]) Compute |[Tinvelloo: K Ttuuallo < 7
stop, else set 1 = 1.

2) For each 1, find a suboptimal solution to problem l /#;,
proceeding as follows:

2.1) Let z = &3 and consider the system S(2)

2.2) Obtain Ti(2),T°(2) using the Youla parametrization
(1).

2.3) Compute N from Lemma 2.
2.4) Find {)(2) using Theorem 2.

3) Let @ = Q(3), K = Fi(J,Q). Compute |T; u_(2)llw- If
1T mewa (2 Moo > v — v stop, else set i =3+ 1 and go to 2.

Remark 4: At each stage the algorithm produces a
feasible solution to I, /M, with cost u; which is an upper
bound of the optimal cost u°.

IV. A Simple Example

Consider the plant used in [2]:

P& = 5

and assume that the objective is to design a compensator
K to minimize ||T||, = ||PK(1 + PK)-Y||; subject to the
constraint |}S)je = ||(1 + PK) Yo < 7*. * It is shown in [2]
that the optimal /, controller is: K = 3! yielding ||T||, = 2
and {|Sfle = 3. Table 1 shows a comparison of the optimal I;,
optimal #. and a mixed [y /H, controller (corresponding to
v = 2.4). The corresponding impulse and frequency domain
response are shown in Figure 2.

[E3TH ISl |
1y 2 3
1/ Hoo 238 | 24
[ He 3 2

Table 1. {|T|; and (|S}je for the example

The mixed /% design requires a 44t order controller,
since it can be shown that, for € = 0.001, we need to consider
only 20 elements of the impulse response. Noteworthy, using
model reduction techniques, we were able to obtain a second
order controller, with virtually no performance loss. The
state-space realization of this non-minimum phase second
order controller is given by:

0.3606 —0.0353 1
K(z)= 1 0 0
-0.8704 03119 | -0.014

+ The optimal He, controller, K(z) = =27, yields |5 =
2. Thus 4 should be > 2
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Figure 2. Impulse and Frequency Responses
for the Iy, I /Mo, and H,, Controllers

V. Conclusions

In this paper we present a method for designing discrete-
time mixed l;/Mo. controllers. These controllers allow for
minimizing the worst case output to persistent bounded
excitations, while at the same time satisfying a constraint
upon the M., norm of the transfer function between a dif-
ferent pair of signals. Thus, they can be thought of as
achieving robust stability subject to a nominal performance
specification. Although here we considered only the simpler
case of a SISO system, the proposed design procedure can
be easily extended to MIMO systems by using an embedding
procedure to deal with the #,, constraint, as proposed in [9].

Perhaps the most severe limitation of the proposed
method is that may result in very large order controllers
(roughly 2N), necessitating some type of model reduc-
tion. Note however that this disadvantage is shared by
some widely used design methods, such as p-synthesis or
I, optimal control theory, that will also produce controllers
with no guaranteed complexity bound. Application of some
well established methods in order reduction (noteworthy,
weighted balanced truncation) usually succeed in producing
controllers of manageable order. The example of section
4 suggests that substantial order reduction can be accom-
plished without performance degradation. Research is cur-
rently under way addressing this issue.
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