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Abstract

Most realistic control problems involve some types of con-
straints. However, up to date all the algorithms that deal with
constrained problems assume that the system is perfectly known.
On the other hand, during the last decade a considerable amount
of time has been spent in the robust control problem. However,
in its present form, the robust control theory can address only
the idealized situation of completely unconstrained problems. In
this paper we present a theoretical framework to analyze the
stability properties of constrained discrete time systems under the
presence of uncertainty and we show that this formalism provides
a unifying approach, including as a particular case the well known
technique of estimating robustness bounds from the solution of a
Lyapunov equation. These results are applied to the problem
of designing feedback controllers capable of stabilizing a family of
systems while at the same time satisfying state-space constraints.

I. Introduction

A large class of problems frequently encountered in practice
involves the control of linear systems with states restricted to
closed convex regions of the space. Several methods have been
proposed recently to deal with this class of problems (see [1] for
a thorough discussion and several examples), but as a rule, all of
these schemas assume exact knowledge of the dynamics involved
(i.e. exact knowledge of the model). Such an assumption can be
too restrictive, ruling out cases where good qualitative models
of the plant are available but the numerical values of various
parameters are unknow or even change during operation. On
the other hand, during the last decade a considerable amount
of time has been spent analyzing the question of whether some
relevant quantitative properties of a system (most notably asymp-
totic stability) are preserved under the presence of unknown
perturbations. This research effort has led to procedures for
designing controllers, termed “robust controllers”, capables of
achieving desirable properties under various classes of perturba-
tions. However, these design procedures cannot accommodate
directly time domain constraints, although some progress has
been tnade recently in this direction [2-4].

In this paper we present a theoretical framework to analyze
the stability properties of constrained discrete time systems under
the presence of uncertainties and we apply this framework to the
problem of designing feedback controllers capable of stabilizing a
family of systems while at the same time satisfying state space
constraints. We believe that the results presented here will pro-
vide a valuable new approach for achieving what has been stated
as the ultimate objective in control design: “Achieve acceptable
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performance under perhaps substantial system uncertainty and
under design constraints imposed either by the technology or by
the nature of the physical system.”

The paper is organized as follows: In section II we introduce
the concepts of constrained stability and robust constrained sta-
bility and we use these concepts to give a formal definition of
the robust constrained stability analysis and robust constrained
stability design problems. The analysis problem is studied in
section III where we give necessary and sufficient conditions for
constrained robustness and where we show that our approach
includes as a special case the well known technique of estimating
robustness bounds from the solution of a Lyapunov equation. In
section IV we apply the results of section III to the design problem
and we show that in cases of practical interest our approach
yields a well behaved optimization problem. Finally, in section
V, we summarize our results and we indicate directions for future
research. s

II. Definitions and Statement of the Problem

In this section we introduce a formal definition of the robust
constrained control problem. We begin by introducing the con-
cept of constrained stability:

e Def. 1: Consider the linear, time invariant, discrete time,
unforced system modeled by the difference equation:

221;+1=A£1‘, k=0,1...

()
subject to the constraint
zeEGCR (1)

where A € R**" and where z indicates z is a vector quantity.
The system (S) is Constraint Stable (C-stable) if for any point
i lekg, the trajectory g,(Z) originating in Z remains in ¢ for
all k.

We proceed to introduce now a restriction on the class of
constraints allowed in our problem. As it will become apparent
latter, the introduction of this restriction, termed the constraint
qualification hypothesis, while not affecting significantly the num-
ber of real-world problems that can be handled by our formalism
[5], introduces more structure into the problem. This additional
structure is used in Lemma 1 to show that the constraints
induce a norm in G. In turn, this norm will play a key role in
section III where we derive necessary and sufficient conditions for
constrained stability.
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Constraint Qualification Hypothesis

In this paper, we will limit ourselves to constraints of the

form:
zeg={ze R (G(z))i gw,i=1...p} 2
where w € R?, w; > 0 and where G: R* — R? has the following
properties:
G(z)i20,i=1...pVz
G(z)=0 <= z=0 3)
Glz+y)sGa)+G(ys, i=1...p¥z,y
G(\z) = AG(z), 0< A <1

In the next Lemma we show that G(.) induces a norm, and
we characterize G in terms of this norm.

o Lemma 1: Let:

v(z) = max {%2‘} =W G(a)le2lzle  (4)

1<i<p

where W = diag(w,...,wp). Then v(.) defines a norm in R"
and the set ¢ can be characterized as:

g={zllzlo <1} (8)

Proof: The proof of the lemma follows by noting that the
constraint qualification hypothesis (3) implies that:

Nzlig = W' G(z)lles (6)

satisfies the conditions for a norm in R".

Next, we take into account uncertainty in the dynamics by
extending the concept of constrained stability to a family of
systems and we define a quantitative way of measuring the “size”
of the smallest destabilizing perturbation.

o Def. 2: Consider the system (S). Let the perturbed system
(Sa) be defined as:

Zegr = (A+ D)z (Sa)

where A belongs to some perturbation set D ¢ R*. The
system (S) is Robust Constraint Stable (RC-stable) with
respect to the set D if (Sa) is C-stable for all perturbation
matrices A € D.

Def. 3: Let .|l be an operator norm defined in the set D,
and define the set BAY as the intersection of D and the origin
centered A-norm unity ball in parameter space, i.e.:

BAY = {A eD:[|Allv < 1}
The Constrained Stability Measure with respect to the norms
[lltv and |L.llg, oF, is defined as:
oY = max{y:(Sa) is C-stable with respect to uBAY}

In the particular case that the induced operator norm ||.|ig is
used in the set D, we will denote the Constrained Stability
Measure as gg and the set BAY as BA.

With the concepts introduced in this section, we are ready
now to give a formal definition to our problem:

Robust Constrained Stability Analysis Problem:

Given the family of linear time invariant discrete time sys-
tems represented by (Sa) compute the constrained stability
measure gf.

Linear Robust Constrained Stability Design Problem:

Given the family of linear time invariant discrete time systems
represented by:

Zipy = (A+A)z + By
find a constant feedback matrix F such that for the closed-
loop system:

Zey =(A+BF +A)z, (Sea)

the constrained stability measure is maximized.

III. Theoretical Results

In this section we present the basic results that are required to
solve the analysis problem. These results will be used in section IV
to solve the design problem. We begin by presenting a necessary
and sufficient condition for Robust Constrained Stability of a
family of systems. This result is then used to compute the actual
value and lower bounds on the constrained stability measure
introduced in the last section.

o Theorem 1: The system (S) is RC-stable with respect to
the set D iff:
[A+Allg<1lvAeD (7

where ||.||¢ denotes the induced operator norm, i.e.:

4+ Allg = max {[[(A+A)zllo} (8)

Proof: Assume that (Sa) is constrained stable. Then, for
ary z €6, (A+ A)z € 6. Hence, from Lemma 1 we have:

14 + Allg = max {i(4 +A)zllo}

= rgeagx{ll(A +A)zlg} <1 ©

Conversely, assume that |[A+A||g < 1 and let z be an arbitrary
point in ¢ such that ||z|i¢ # 0. Then we have:

(A + A)zlle A+ Al
Tals 5‘2&*{ T }—||A+Al|c <1 (o)

and therefore
I(A+A)alle <lille <1 (11)

which implies that (A + A)x € 6. The proof is completed by
" noting that if |jzjig =0 then (A+A)z=0€G+.

Remark: Note that if ||A + Allg < 1 for all A € D then
(A+ A) is a contraction mapping and the system (Sa) is
asymptotically stable [6].
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e Corollary 1:

o = min{|| Al A+ Alig =1} (12)

In the next lemma we introduce a lower bound of the con-
strained stability measure. In Theorem 2 we show that for
unstructured perturbations (i.e. the case where D = R™") this
lower bound is saturated.

e Lemma 2:
oc 21 -|lAllg (13)
Proof: Let A, be such that [JA + Ayllg = 1. Then:
1=|lA+ Als < [14llg + 1Dl (14)
or
1Aalle 2 1 - [f{Allg (13)
Hence:
oo =min||Aflg 2 1~ [|Allg (16)

Theorem 2: For the unstructured perturbation case, i.e. the
case where D = R™", condition (13) is saturated.

Proof: Let:
A=1- Al (a7)
and define: o ‘M s
llAllg
Then:
il = A (19)
and
AA
A+ A% =1A+ 5
A+ A% =i “A“gllg
A (20)
- (1)
1Allg {1+ AT
={Allg+A=1
Hence, from the definition of gg; we have that:
1-J|Allg = A= ||A%g 2 ¢ (21)
but, from Lemma 2 we have that:
o0 2 1-1|Allg (22)

Hence it follows that pg =1 - ||Allg o

8.1 Quadratic Constraints Case:

In this subsection we particularize our theoretical results for
the special case where the constraint region is an hyperellipsoid,
i.e. the case where:

Gz) = (zTPz)é, P e R™" positive definite (23)

We will show that in this case our approach yields a generalization
of the well known technique of estimating the robustness measure
by using quadratic based Lyapunov functions, (see [7] and refer-
ences therein) by obtaining robustness bounds previously derived
in this context. Moreover, using our approach we will show that in
some cases these bounds give the actual value of the constrained
stability measure.

Example 1: (unstructured perturbation)

In this case, Theorem 2 yields gg = 1 ~ }|A|lg where:
gTATPAg)
ZTPg
Consider now the case where gg > 0. Then, there exists Q
positive definite such that:

AN = 1413 = max ( (24)

ATPA-P=-Q (25)
and: r
1Al = max (1 - £82)
<1- Imin(G) )
- UMA:(P)
Hence: R
og=1-|Allg>1~ (1 - g;':i"((—?_—%) (27)

A common technique in state space robust analysis is to
obtain robustness bounds from equation (25) ([8, 9]). This
case can be accommodated by our formalism by recognizing
the fact that once P is selected, the system becomes effectively
constrained to remain within an hyperellipsoidal region. It
has been suggested ([8, 9]) that good robustness bounds can
be obtained from (25) when P is selected such that @ =1I. In
this case our approach yields:

1 3
9c=1“nA”c=1—(l—m)

which coincides with the robustness bound found by Sezer
and Siljak [9]. Note however that our derivation shows this
bound to be exact.

(28)

Example 2: (Unstructured perturbation, A semisimple)

Consider the case where A is semisimple, i.e.
A=L"'AL

. 29
A.—_dzag{(_i"l ::)"”’('21' ‘::),a,ﬂ,...,a,.}( )

Then, the maximum of the stability measure, gg, over all
possible positive definite matrices P, is achieved for P = LTL.

Proof: From (24) and (29) we have:

2 _ zTATPAz }

bl = max { E2- P42

o {gTLTL‘TATLTLAL-‘;g
Tz ZT[TLr
—_— -1 2
= nax ILAL=*y|i3
= ”LAL—IIF = ”}Ku(A)

From (29) it follows that:

Tmas(A) = max|Xf| = p(4)

(30)

(1)

where A# denotes the eigenvalues of A and p(.) denotes the
spectral radius. Since the spectral radius is always smaller
than any other matrix norm [10] we have that:
|lA||A.4 2 p(A) = |[Allere (32)
and therefore:
orrr =1=||Alzre
>om =1-||Allm Y M € R*", positive definiteo

(33)

1927



3.2 Polyhedral Constraints

In this subsection we consider the case where the region ¢ is
polyhedral, i.e. the case where:

G(z) =Gzl (34)

where G € R**" and rank(G) = n, i.e. (GTG) is non-singular. We
begin by showing that in this case the induced norm of an operator
M, [|M|l¢, can be expressed in terms of the infinity norm of an
operator H linearly related to M. This result is used to obtain a
particular expression of condition (12) which in turn allows for the
computation of the constrained stability measure as the solution
of a Linear Programming problem.

e Lemma 3: Let M € R™" and define HAGM(GTG)-!GT.
Then,

fiMllg = {W=* HWlleo (35)

Proof: From the definition of H we have that:
GM =HG (36)
Using (36) and Lemma 1 we have:
= = W" oo
[1Mlig "gﬂlgf] IMzlle “5_1]}?51 Il GMz|
=  max W HGg]e
W1 Gellw=1

= max W= HWylle = W HW o o
yllea=

(37

The results of Lemma 3 can be used to efficiently compute
oY as the minimum of the solution of p Linear Programming
problems as follows:

o Lemma 4: Let g be the solution of the following optimiza-
tion problem:

of =min(lAlv: W (H + AMWIP 21} (38)

where || M]{" indicates the L, norm of the i** row of the matrix
M and where H and AH are defined as in Lemma 3. Then:

oY = min{g} (39)

12igp

Proof: The proof (ommited for space reasons) is based upon
assuming that (39) is false and showing that this leads to a
contradiction.

Example 3: (unstructured perturbation)

Consider the following case:

(08 05 \a_{10 20),_[50
A_(—0.0208 0.5083) G"(—l.s 2.0) ‘“‘(m.o)

(40)
Then, from the definition of H, we have that:
0.7583 0.0 B
H= (-0.4167 0.55) » 1Alle = 0.7583 (1)

and, from Lemma 4,

2
i S H A Bw g
o —mE{I[A”g.Z; So1ti=12 (1)
Casting the problems (42) into a linear programming form
and solving we have that:

o1 =0.2417, g = 02417 and go = min g =0.2417

Note that in this case pg = 1 - ||Ajlg = 0.2417 as shown in
Theorem 2.

IV. Application to Robust Controllers Design

In this section we apply our formalism to solve the linear
robust constrained stability design problem introduced in section
II. From Theorem 1 it follows that a full state feedback matrix
F such that the constrained stability measure, g¥, of the closed
loop system is maximized can be selected by solving the following
maXx-min problem:

max {mip 1Al } (43)
subject to:
lA+BF + Alg=1
Define: N
. e/ (F)=min{llAllw: |4+ BF + Allg = 1) (44)

then (43) is equivalent to the following optimization problem:

maxel (F)) (45)
Note that since the function defined is (44) is in general non-
differentiable, non-smooth optimization techniques must be used
to solve (45). Moreover, in general nothing can be stated about
the existence of local minima of (44). Hence a general non-smooth
optimization algorithm could conceivably get trapped at local
extrema. However, in the next theorem we show that for a case
of practical interest, (45) reduces to the well behaved problem of
finding the maximum of a concave function.

o Theorem 3: Consider the particular case where D is a cone
with vertex at the origin, (i.e. A€eD <= M eD; A>0).
Then gJ (F) is a concave function.

The proof of the theorem is given in Appendix A. Note that
the class of sets considered in this theorem includes as a
particular case sets of the form:

D= {A: A=3"wE; w20, E given} (46)
1

which has been the object of much interest lately ([11-13} and

references therein).

At the present time, we are investigating several methods of
solving (45), and a future article is planned to report the results.
In this paper, we will limit ourselves to the restricted case of
unstructured perturbations. In this case, from Theorem 2 we
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have that gg = 1-]JA 4+ BFl|lg. Hence, (45) reduces to solving the
following convex minimization problem:

F= argmax gg = arg;nin |A+ BF|g (47)

In the remainder of this section, we will indicate how problem
(47) can be solved for the particular cases of quadratic and polyhe-
dra.l constraints. We begin by considering quadratic constraints:

4.1 Quadratic Constraints Case

In this case (47) can be solved using standard results on
matrix dilations [14]. Let P = LTL and assume that rank(B) =
m. Then, since the 2-porm is invariant under orthonormal
transformations we have that:

A+ BF|lgr; = IL(A+BF)L\|. = A+ BFjl.  (48)

where A = QLA(QL)-!, B =QLB, F = F(QL)-" and where Q
is an orthonormal matrix such that:

B= ( B ) , B, invertible (49)

Then:

A+BF= (Ax-;Bip) (50)

2

and it follows that the optimal F' is such that A, + BF=0,ie.
Fo=_B'4, and that mm[]A + BF|jyrp = [|Asll2 = Omas(Az).

Example 4:

Consider the system:

A direct application of (50) yields:

Fe=(0.4 -12),||A+ BF|; =0.9434, o = 0.0566

4.2 Polyhedral Constraints

When the constraints are polybedral, (47) can be cast in the
following format:

mine (51)
subject to:
lA+BFlg<e (52)
By using (35), the inequalities (52) can be transformed into:
IG(A+ BEYGTG)'GTle < e (53)

The optimization problem defined by (51) and (53) can be cast
into a Linear Programming problem and solved using the simplex
method.

Example 5:

Consider the following system:

_(08 05
A“(_o.4 1.2)B

(2)

_ (10 20), _ (50
G= (-1.5 2.0) w= (10.0)
Using Linear Programming we get:

F=(03792 -0.6917)

‘A= 08 . 05 .55
Aa= (—0.0208 0.5083) eig(Aa) = (0 7583)
Ao = 0.7583 = p(A)

where A, denotes the closed-loop matrix, eig(Aa) its
eigenvalues and p(A) its spectral radius. Hence we have:

oo =1-||Adllg = 0.2417

V. Conclusions

As we mention in the introduction, the ultimate objective
in control design can perhaps be summarized as [2]: “ Achieve
acceptable performance under perhaps substantial system un-
certainty and under design constraints”. This statement looks
deceptively simple, but up to date design techniques focus either
only on the uncertainty issue or only on the constraint satisfaction
issue. In this paper we presented a theoretical framework capable
of simultaneously addressing both issues. Since most physically
generated constraints have a natural expression in time domain,
our analysis focuses in state-space robustness analysis.

In section II, we introduced the concept of robust constrained
stability and we introduced a guantity, the constrained stability
measure, that measures the “size” of the smallest destabilizing
perturbation. In section III we presented necessary and suffi-
cient conditions guaranteeing constrained robust stability and we
showed that our formalism provides a unifying approach, includ-
ing as a particular case the well-known technique of estimating
robustness bounds from the solution of a Lyapunov equation.
Finally, in section IV, we considered the design problem. There,
we showed that a full state feedback matrix that maximizes the
stability measure of the closed loop system can be found as the
solution of a game-like problem. Although the properties of this
problem are still unknown for the general case, we proved that in
a specific case that has been the object of much attention lately,
it leads to the well behaved problem of finding the maxirum of
a concave function. Finally, we considered the particular case of
unstructured perturbations and we showed that in this case the
problem reduces to the simpler case of finding the minimum of a
convex (albeit perhaps non-differentiable) function.

We believe that the results presented here will provide a valu-
able new approach to the problems of robust controllers analysis
and design for linear systems. Further, since our approach is based
purely upon time-domain analysis, we have reasons to believe
the theory could be extended to encompass non-linear systems
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in a much more direct fashion that some of the currently used
techniques.

Perhaps the most severe limitation to the theory in its present
form, arises from the fact that the design procedure is limited
to constant linear feedback. However, it is clear that only a
fraction of the feasible constrained problems admits a constant
linear feedback solution. It is our goal to extend the theory to
include the non-linear, optimization-based controllers that where
the subject of [5].
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Appendix A: Proof of Theorem 3

The following preliminary lemma is introduced without proof:

e Lemma 5: Let p; > 0,p, > 0 and 0 < A < 1 be given numbers.
Consider the fgllowing sets:

pBA = {AeD:||Allx < o1}
p2BA = {A eD:||Allx < p2)
PBA ={A €D:[|A|lw < pEApy + (1= A)p}

(41)

Then:
pBA € ApyBA + (1-))p.BA

Proof of Theorem 3:

Given two matrices Fi and F3, consider a convex linear
combination F = AF, + (1 - A)F;. Then:

max ||[A+BF + Aljc < Jnax, IMA+BF, +A,;)

AgpBA
A3€p2BA

+(1-X)(A+BF,+ Agllg
< AA‘rg’%A WA+ BF + Ajjlg+

1-x Jmax 1A+ BE; + Asllg

(42)

Consider now the case where p; = of(F3) and p; = of (F).
Then it follows from the definition of g that both maximiza-
tions in the right hand side of (A2) yield 1 and therefore:

max, lA+BF+Alg<1 (A3)
Hence, from the definition of g

A4+ (- VB> 0 = Al () + (1 - et (F) o
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