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T
B,D; = / T="AB [wh(r) ¥,_\(r)]dr,
0
r Bo(7)
D,,D;, = [®6(7) ¥, _1(7)]dr.
¥,_1(7)

With the two symmetric matrices E{;E12 and E2; E3, computed,
there are many choices for E12 and E»;; for example, we can take
them as the square roots or Cholesky factors of the two symmetric
matrices respectively.
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An Exact Solution to General SISO Mixed
Hz /M. Problems via Convex Optimization

Mario Sznaier

Abstract— The mixed Hz/Ho control problem can be motivated as
a nominal LQG optimal control problem, subject to robust stability
constraints, expressed in the form of an ?{., norm bound. A related
modified problem consisting on minimizing an upper bound of the
M3 cost subject to ., constraints was introduced in [1]. Although
there presently exist efficient metheds to solve this medified problem,
the original problem remains, to a large extent, still open. In this
paper we propose a method for solving general discrete-time SISO
Hz/Hoo problems. This method involves solving a sequence of problems,
each one consisting of a finité-dimensional convex optimization and an
unconstrained Nehari approximation problem.

1. INTRODUCTION

During the last decade, a large research effort has been devoted to
the problem of designing robust controllers capable of guaranteeing
stability in the face of plant uncertainty. As a result, a powerful
Heo framework has been developed, addressing the issue of robust
stability in the presence of norm-bounded plant perturbations. Since
its introduction, the original formulation of Zames [2] has been
substantially simplified, resulting in efficient computational schemes
for finding solutions. Of particular importance is [3] where a state-
space approach is developed and an efficient procedure is given to
compute suboptimal H, controllers. Since these controllers are not
unique, the extra degrees of freedom available can then be used to
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Fig. 1. The generalized plant.

optimize some performance measure. This leads naturally to a robust
performance problem: Design a controller guaranteeing a desired
level of performance in the face of plant uncertainty. In spite of a large
research effort [4], however, this problem has not been completely
solved.

Alternatively, the extra degrees of freedom can be used to solve
a problem of the form nominal performance with robust stability.
In this case the controller yields a desired performance level for the
nominal system while guaranteeing stability for all possible plant
perturbations. A problem of this form that has been the object of much
attention lately is the mixed H/H. control problem: Given the
system represented by the block diagram in Fig. 1, where the scalar
signals w~ (an I signal) and w2 (white noise) represent exogenous
disturbances, u represents the control action, (. and (; represent
regulated outputs, and where y represents the measurements; find an
internally stabilizing controller u(z) = I'(z)y(z) such that the root
mean square (RMS) value of the performance output (> due to ws is
minimized, subject to the specification [| T _w. (2)|le < 5.

Different versions of this problem have been studied recently.
Bernstein and Haddad [1] considered the case where ws = u's
and obtained necessary conditions for solving the modified problem
of minimizing an upper bound of ||T..,¢,|l2, subject to the H
constraint. In [5] and [6] the dual problem of minimizing this upper
bound for the case us # wa. (2 = (~ was considered and sufficient
conditions for optimality where given. Finally, in {7] these conditions
where shown to be necessary and sufficient. These conditions involve
solving several coupled Riccati equations, however, and at this
point there are no effective procedures for achieving this. In [8],
Khargonekar and Rotea (see also [9] for the discrete-time version)
showed that the modified problem can be cast into the format of
a constrained convex optimization problem over a bounded set of
matrices and solved using nondifferentiable optimization techniques.

The approaches mentioned above provide a solution to the modified
problem. At this time, however, there is no information regarding the
gap between the upper bound minimized in the modified problem
and the true H> cost. Very little work has been done concerning the
original problem, which remains, to a large extent, still open. In [10],
Rotea and Khargonekar addressed a simultaneous Ho/H. state-
feedback control problem and showed that a solution to this problem,
when it exists, also solves the mixed H./H.. problem. Although
this provides some insight into the structure of the problem, there are
cases (most notably the case where B; = DBs) where the simultaneous
problem provides little help in solving the original problem. Recently,
mixed H2/H « control using fixed-order controllers was analyzed us-
ing a Lagrange multipliers-based approach and necessary conditions
for optimality were obtained [11]. These conditions involve solving
coupled nonlinear matrix equations and finding the neutrally stable
solution to a Lyapunov equation, which leads to numerical difficulties.
Moreover, in [10] it was shown that even in the state-feedback case,
the optimal controller must be dynamic, and it is conjectured that in
the general case it may have higher order than the plant. This makes
a fixed-order approach less attractive, since there is little a priori
information on the order of the optimal controller.

In this paper we propose a solution to general discrete-time single-
input single-output (SISO) mixed Ha /H » problems. The main result
of the paper shows that these problems can be exactly solved by
solving a sequence of modified problems, each one requiring the
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solution of a finite dimensional convex, constrained optimization
problem, and an unconstrained Nehari approximation problem. This
approach, which follows the spirit of [12], [13], represents a sig-
nificant departure from other convex optimization-based approaches
(e.g., [14]) where several approximations are required to obtain a
tractable mathematical problem.

The paper is organized as follows: In Section II we introduce the
notation to be used and some preliminary results. Section III contains
the bulk of the theoretical results and the proposed solution method. In
Section IV we present a simple design example. Finally, in Section V,
we summarize our results and indicate directions for future research.

II. PRELIMINARIES

A. Notation

By 7 we denote the space of real sequences ¢ = {q¢},

L ~
equipped with the norm |lqll, = (o, lal?)? < =. Lu
denotes the Lebesgue space of complex valued transfer functions
which are essentially bounded on the unit circle with norm
NT M 2 sup,|=; (7(2)]. Hoe (Ho) denotes the set of stable
(antistable) complex functions G(z) € L, i.e., analytic in |z| > 1
(Iz} < 1). H2 denotes the space of complex transfer functions square
integrable in the unit circle and analytic in |z| > 1, equipped with
the norm
o_ 1 [ |GG
s = — —dx.
Gl = 5-4 =
lzl=1

Given R € Lo, '/ ( R) denotes its maximum Hankel singular value.
Given a sequence ¢ € [, we will denote its z-transform by Q(z). It
is a standard result that ¢ € R11 iff Q(=) € R'H. Throughout the
paper we will use the prefix R to denote real rational transfer matrices
and packed notation to represent their state-space realizations, i.e.,

B
D .
Iy Ty

Given two transfer matrices T = [ )} Tu) and Q) with appropriate
dimensions, the lower linear fractional transformation is defined as:
FuT. Q) 27+ T12Q(I — T22Q) ™' Ty;. Finally, for a transfer
matrix G(=), G~ 2 GT((1/2)).

A
G(z)=C(:I-A4)"'B+D=2 (C

B. Problem Transformation

Assume that the system S has the following state-space realization
(where without loss of generality we assume that all weighting factors
have been absorbed into the plant)

A \ By By, DBs

(& Dyt Diz Dis (S)
s Dy1 Daa Do
Cs D3y D32 Dss

where D;3 has full column rank, Ds; has full row rank, and
where the pairs (A. B3) and (C3. A) are stabilizable and detectable,
respectively. It is well known (see, for instance, [4]) that the set of
all internally stabilizing controllers can be parameterized in terms of
a free parameter () € H as

K =F(J. Q) (@))]

where J has the following state-space realization
A+ B3F 4+ LCs+ LD F

—L B3+ LD33
(8)]




IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 39, NO. 12, DECEMBER 1994

and where F and L are selected such that A + B3 F and A + LC;
are stable. By using this parameterization, the closed-loop transfer
functions Tt w,., and T¢,., can be written as

Ttowe (2) = T° (2) + T3° (2)Q(2)
Tepwy(2) = Ta(z) + T2(2)Q(2) ()]

where T;, T?° are stable transfer functions. Moreover (see, for
instance, [4], [13]), it is possible to select ' and L in such a way that
T5°(2) is inner (i.e., Ts°~T5° = I). By using this parameterization
the mixed H2/Ho problem can be now precisely stated as the
following.

Problem 1: Find the optimal value of the performance measure

1

o0 2
o _ s s a2
p= dnf 1 Teawllz = q‘i'éfl (E [#:] ) (H2/Ho)

=0

subject to
177 (2) + T2° (2)Q(2) oo < 3)

where {t;} and {q;} are the coefficients of the impulse responses of
T¢,w, and Q, respectively.

Remark 1: In the sequel we will assume that infgern,, [|T1° +
T5°Qlloo 2 4" < 7. This assumption guarantees both the existence
of suboptimal M., controllers and nontrivial solutions to the mixed
Haz/Hoo problem.

1. PROBLEM SOLUTION

In this section we show that the mixed H3/Ho, problem can be
solved by solving a sequence of problems, each one requiring the
solution of a finite dimensional convex optimization problem and an
unconstrained Nehari extension problem. To establish this result we
will proceed as follows:

i) introduce a modified H2/Hoo problem,

ii) show that the original problem can be solved by solving a
sequence of modified problems (Lemma 1),

iii) show that an approximate solution (arbitrarily close to the
optimum) to each modified problem can be found by solving a
truncated problem (Lemma 3),

iv) show that solving the truncated problem entails solving a
finite dimensional convex optimization problem and a standard,
unconstrained, Ho, problem (Theorem 2).

A. A Modified Hz/H Problem

Given 6 < 1, define the space RHco,s = {Q(z) €
RHoo: Q(z) analyticin |z| > 6}, equipped with the norm
IQflco, s = sup|,— |Q(z)], and consider the following modified
H2/H problem.

Problem Ha/ Moo, 5: Given Ti(z), Ta(z), T2 (2), T5°(2) €
RHc, s, find

ns = (H2/Heo,5)

QE%'}'{m, E“TCzwznz

subject to
177 (2) + T2°(2)Q(2)| 00,5 < 7-
Remark 2: From the maximum modulus theorem, it follows that

any controller Q) that is admissible for H2/Hoo, 5 is also admissible
for H2/Ho. It follows that pg is an upper bound for °.
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Remark 3: Problem Hz/Hoo, s can be thought as solving problem
H2 /Ho with the additional constraint that all the poles of the closed-
loop system must be inside the disk of radius 6. A parameterization
of all achievable closed-loop transfer functions, such that T;, T7°
satisfy this additional constraint can be obtained from (1) by simply
changing the stability region from the unit-disk to the 6-disk using the
transformation z = 62 before performing the factorization. Further-
more, by combining this transformation with the inner factorization,
the resulting 75°(z) satisfies T5°(62)T5°((1/6z)) = 1. It follows
then that the constraint || 77°(2) + T5°(2)Q||oo, s < 7 is equivalent
t0 |[R+ Qlloo, s < v where R £ T (2)T5°(2)™ is analytic in the
disk |z] < 6.

Next we show that a rational suboptimal solution to H;/Ho,
with cost arbitrarily close to the optimum, can be found by solving a
sequence of truncated problems, each one requiring consideration of
only a finite number of elements of the impulse response of T¢, ., .
To establish this result we will show that: i) H2/H can be solved
by considering a sequence of modified problems Hz/H, 5; and ii)
given € > 0, a suboptimal solution to Ha/H, s, with cost pf such
that pg < pg < pg + € can be found by solving a truncated problem.

Lemma 1: Consider an increasing sequence §; — 1. Let p°
and p; denote the solution to problems Hz/Heo and Hz/Hoo, s,,
respectively. Then the sequence u; — p°.

Proof: See Appendix A.

Lemma 2: For every € > 0, there exists N(e, 6) such that if
Q € RHoo,s satisfies the constraint |R(z) + Q(2)]lco,s < 7, it
also satisfies 352, |[tx|* < €2, where tx denote the coefficients of
the impulse response of T¢,w, = T1 + T2Q.

Proof: Since Q € RH, s, T¢ow, is analytic in |z| > § and

e Teywy (2)2° 1 dz. @
2mj |z|=6 Gz
Hence
ltkl < "TCszuoo,Sék
ad T w 2 62N
thkiz < ll Sz 12!02,25 . . )
=N
Since || - ||, s is submultiplicative, we have

1Tewz (Moo, 5 < 1 T1lleo, 8 + [ T2lloo, 61 @Qlco, 5
< I Tilloo, 5 + [ Tolloo, 57 + | Blloo, 5) £ K- ©)
The desired result follows by selecting N > N, = (1/2)((loge*(1~

8%) — log K'2)/log ).
Lemma 3: Consider the following optimization problem

N(e, §)—1 1/2
. 2
min E t; =
QERH o, s ' l q€R

. 2
2 min _|it; + 74ll2
=

(H2/H5, 5)
subject to
1R(2) + Q(loo,5 < v
where
t 2 (tio tin-1)’
the O -+ 0
tar 20 -+ 0
T= . N (©)
taN -1 t20
72 (¢ an-1)'
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and where qg. ti, denote the kth element of the impulse response
of Q(z). Ti(z) respectively. Let Q™ and T¢,,., denote the optimal
solutlon dnd define yty, = || T, |l2. Then py < py < pg + e

Proof: pug < uy is immediate from the definition of ug.
Denote by T,,., and Tuu , the solution to problems H»/H<.  , and
H./H oo tespectively and let . t7 be the corresponding impulse
responses. Then

N—1

T, ll3 :Dm Z|f| + Zlfl
Ep\ +e < Z|t‘*|z+e <Z|zb\2+e

=0

= ()" + € < (ui+e) ¢

() =

I/\

By combining the results of Lemmas 1, 2, and 3, the following
result is now apparent.

Lemma 4: Consider an increasing sequence é; — 1. Let p°
and p5, denote the solution to problems Hz/Ho and Ha/He. 4
respectively. Then the sequence uj, has an accumulation point fi.
such that p° < ji. < p° + e

B. The 'H~ Constraint

In the last section we showed that Ho/H.. can be solved by
solving a sequence of truncated problems. In this section we show
that each problem Ho/HL. s can be exactly solved by solving a
finite dimensional convex optimization problem and an unconstrained
Nehari approximation problem. Moreover, since the solution to this
Nehari approximation problem is rational, it follows that the solution
1o H2/H s is also rational. The key to establish this result is to
note that: i) the objective function of the truncated problem involves
only the first N terms of the impulse response of (), and ii) if the
first .\ terms of the impulse response of () are fixed, the existence of
Q such that [|R + Q||«<.s < 7 is equivalent to a finite dimensional
convex constraint on these elements. ]

Theorem I: Let R(z) € RHL , and Qr = Y5 ¢z be

= R(:)”

given. Assume that G(z) =
G _ ‘-‘g bg
g dy

realization

with controllability and observability gramians L., and L., respec-
tively. Then, there exist Qr € RHM., such that [|R + Qr +
27VQR||w. s <~ if and only if ||Ql2 < - where

has a minimal state space

LAY LN L)%, LUAub, Laj? 45",
<y.4g‘"1:}§’ d, cobg cgd) "2,
Q= : 0 dg
g 4,,LL§2 A : Caby
gL’ 0 0 dy
00 e 0
0 ¢ @b ' v gy_1b” (N=1)
N2
$]0 0 g gn TR g
0 : . :
0 0 0 o

Proof: 'For simplicity, we will consider the case where & = 1.
The case 6 < 1 follows by using the transformation = = 6. Given
Qr, there exist Qr € R'Ho such that [R4+Qr + : " Qrlle < 5

' While this paper was under review, an independent proof and equivalent
formulas appeared in [15].
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iff the corresponding unconstrained | block Nehari approximation
problem has a solution, i.e., if

. -
QRIé;}’\lé{wHR+ Qr+: 7 Qrll~
. N
- o R ( a >
inél"l?%foen (R+Qr)+Qkll
= min |:7Y(G+QF) +Qrll~
QRETH7
=Tyl (G+ Q)] < ®

where we used the fact that = is an inner function. To compute [ 77
we need a space-state realization for the stable part of TNGHQY).
Standard space-state manipulations [4] yield

4, by | O

26" = (10)
where
0 00
1 00
4,=|" o
0 10
! 7
el = (1 0), e\v=(0 - 1)
The similarity transformation
L, Y
=" 11
T (0 I~ ) (an
where Y is the unique solution to the Sylvester equation
YA, ~ 4,Y = —bgeln (12)
yields
Ay O Ye,
F = 0 4 e (13)
ey dyel —cY |0
Similarly
; . Dty A4 €]
B2V =Y v = ( q ) (14)
i=1 Cq 0
where ¢, = (gx—1---qo). Hence
A N ~
F=:""(G+Qr)=F +FK= (15)
where H 2 cq + dyely — Y 2 (hy---hn). It can be

easily shown, by successive nght multiplications by the columns
of the identity that the solution to (12) is given by? YV =

(A; Vb, Ay A7'b). Substituting this explicit expression
for Y into (15) yields
4, 0 A7V,
F=
hi=gnoi—cg AT s 1<K N -1
ha = qo+dy —cyA; b, (16)

2Since R(=) is antistable, its conjugate G is stable and has no poles at the
origin. Hence A ' is well defined.
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To compute the approximation error we need to compute the ob-
servability and controllability gramians of F'. For the controllability

gramian we have
4, O\(LG LG\(A4, O\ _ (LG LG
0 A J\L'S LG /\0 A, L'S LS
- A;Nb,gb’g_fllv;,” A;Nblge'l . an
erbgAy eie;

Solving for each of the blocks of the gramian yields LY, = LY,
LS =Y, and LS, = In, where LC is the solution of the following
Lyapunov equation

AGLS AL — LS = —A;Vbgbh AN (18)
and where the expression for LT, was obtained from the correspond-
ing equation by successive right multiplications by the columns of
the identity. Similarly, for the observability gramian we have

A, O\ (LY LH\(A, O _(Lh L},
0 A )J\L%: L% )\0 4, % L3
U Al

=~ ) 0

Solving for each of the blocks of the gramian yields L}, = Lo,
LY = AN, and L3; = HH' where

hn hn—i e- e My
hn  hn-1 -+ ke
HEa : (20)
hn hyn-1
hn
A= (Ai,v_1 Cy Ajgv_"’ Cyeech).
Finally, simple computations show that L,, satisfies
Log — AA' = Ay Log Ay @

and that L2 — YY' = L., the controllability gramian of G. Using
these facts we get the following explicit expressions for the gramians
of F

Loe(In 0\(Les A\(I. 0
FE\0 HJ\A InJ\0 H
(AN A\(L., 0\(AY o
Vo0 HJ\0o InJ)\A W
L= (Es YYo= (I Y)(Ls O\(L O
° Y Iy 0 InJ\O INJ\Y' In)
(22)

Define

a (LY 0\ (AY O0\(LY* o\(I. 0 \
M“(o w)la w)o IN> Yy Iv) @

From Nehari Theorem ([16]) it follows that
IF+Qrllee <7 & 2 (LiF Lor L) < v & [[Mll2 < 7 (24)

where p indicates the spectral radius. Note that since M is a linear
function of the coefficients of Q r, the constraint (24) is convex in the
variables q;. Although the expression M can be used to establish the
desired result, it may result in numerically ill-conditioned problems,
since it involves powers of A;‘ , which has all its eigenvalues outside
the unit circle. To obtain an alternative expression that.avoids this
ill-conditioning, consider again the similarity transformation (11).
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Fig. 2. The ACC robust control benchmark problem.

Since the spectral radius of LorLcr is invariant under a similarity
transformation, it follows that M can be replaced by

L o\ [4Y Ay L o
Q =
0 InJ\A H-AY )\ 0 In

LY2ANLY® LM%, LiPAgh, LAY b,

cyAgv_lLvl:éz dg Cobg chf’V—zbg
= : 0 dg
cgAgLML? : : cgbg
coLH? 0 0 dg
0 0 er ee- 0
0 % @ gN—1
+]0 0 g v oan- 25)
0o i .
00 O --- do
Hence Ly (F) < v [|1Qllz < 7. 0

Combining Lemma 3 and Theorem 1 yields the main result of this
section.

Theorem 2: A suboptimal solution to Ha/Ho, 5, With cost ps <
45 < ps + € is given by Q° = Q% + 2 VQ% where Qf =
SN gz, ¢° = (go-+-qn-1)' solves the following finite di-
mensional convex optimization problem

¢° = argminlt, + 7gll (26)
g€RN
fIRllz<~
and Qr solves the unconstrained approximation problem
Qa(z)= agmin {|R(z)+ Q% + 2 "Qr(2llew,s 2D
QRERM 0, 5

where N (e, 6) is selected according to Lemma 2, £; and T are defined
in (7), and Q is defined in (8).
Remark 4: By using the transformation z = 62 we have that

1R(2) + Q% (2) + 2V Qr(2)lloo, s
= |R(82) + Q% (62) + 6" 27V Qr(62)lloo
2 1BE) + Q5 (2) + 2V Qr(D)lw
= 127 (B(2) + Q% (8)) + Qr(2)ll -

It follows that the approximation problem (27) is equivalent to the
following standard Nehari approximation problem

Q% = agmin [|2¥(R+ Q%) + Qrllw
QRERM

28

that can be readily solved (see, for instance, [16, p. 64]).
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T

(b)

Fig. 3. (a) Block diagram with the uncertainty “pulled out” of the system,
(b) the standard form.

C. Synthesis Algorithm

Combining Theorem 2 and Lemma 4, it follows that a suboptimal
solution to H»/H, with cost arbitrarily close to the optimum, can
be found using the following iterative algorithm.

1) Data: An increasing sequence 6, — 1, ¢ > 0, v > 0.

2) Solve the unconstrained H, problem (using the standard H.

theory). Compute |7 w. |- I {| T o |l < 7 stop, else
set { = 1.

3) For each i, find a suboptimal solution to problem H,/H s,

proceeding as follows:

a) Obtain T;(z). I,7(z) € RH«.s,, with T;> (=) inner
in R'H . »,. This can be accomplished by using the
change of variable = = 6,2 before performing the
factorization (1).

b) Compute N (e. ¢;) from Lemma 2.

¢) Find (=) using Theorem 2.

4) Compute |T¢ o wo () oe- If [T wa ()]l > 7 — v set
L = Fi(J. Q) and stop, else set i = i+ 1 and go to 2.
Remark 5: At each stage the algorithm produces a feasible so-
lution to H./H~, with cost g, which is an upper bound of the
optimal cost j°.

1IV. A SIMPLE EXAMPLE

Consider the simple system shown in Fig. 2, consisting of two
unity masses coupled by a spring with constant 0.5 < k < 2 but
otherwise unknown. A control force acts on body 1 and the position
of body 2 is measured, resulting in a noncolocated sensor actuator
problem. This system has been used as a benchmark during the last
few years at the American Control Conference [17] to highlight the
issues and trade-offs involved in robust control design. Assume that
it is desired to design an internally stabilizing controller subject to
the following specifications: i) the closed-loop system must be stable
for all possible values of the uncertain parameter & € [0.5. 2], and ii)
the RMS value of the control action « in response to a white noise
disturbance acting on m» should be minimized.
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TABLE 1
[|T¢o|ls AND || Tus|]2 FOR THE EXaMPLE
1T¢s [l | Tuw]l2
Ha 2.604 1.5760
Heo 0.9977 1085.2
Ha/Hoo 1.292 22.6493

To fit the problem into the H.. framework, the uncertain spring
constant k is modeled as ¥ = k, + A (with k, = 1.25 and
|]A| € 0.75) and, following a standard procedure, A is “pulled out”
of the system, as shown in Fig. 3. The problem can be stated now
as the problem of minimizing {|T}..||2 over the set of all internally
stabilizing controllers, subject to the constraint || T¢.||ce < i;

To fit the problem into our framework, the system was discretized
using sample and hold elements at the inputs and outputs, with a
sampling time of 0.1 seconds. Finally, to remove the ill-conditioning
caused by the poles on the unit circle, a bilinear transformation was
used, constraining the poles of the closed-loop system to lie inside the
|| <€ 0.95 disk (i.e.. 6 = 0.93) and the proposed design procedure
was used with ||T¢.]|]s < 1.6 and .\ = 100, resulting in a controller
with 204 states.

Fig. 4 shows the control action in response to an impulse dis-
turbance acting on m» for the optimal H .. central controller, the
optimal H» and the mixed H./H . controllers. These resuits are
summarized in Table L

Note that the actual value ||7:.||~ obtained with the mixed
H2/H. controller is 1.29. This is due to the fact that ||T¢.[|s is
an upper bound of || T¢. |-

Table II show a comparison between the optimal mixed Ha/H
controller and several reduced order controllers. It is interesting to
notice that the controller can be reduced to tenth order with virtually
no performance loss. Further reduction to a third-order controller
only entails about 10% increase in the H; cost. These results seem
to support the conjecture of [11] that the mixed H2/Hc control
problem results in controllers having higher dimension than the plant.

V. CONCLUSIONS

In this paper we provide a suboptimal solution to discrete-time
mixed H./H problems. Unlike previous approaches, our method
yields a global minimum of the actual H» cost rather than of an upper
bound, and it is not limited to cases where either the disturbances or
the regulated outputs coincide. Although here we considered only the
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TABLE I
[[Tewlloo AND ||Tyw||2 FOR THE MixED
Ha/Heo AND REDUCED ORDER CONTROLLERS

lTT('" lco lTuu |2
Ha/Hoo 1.292 22.6493
10 ord. 1.281 22.8842
3 ord. 1.292 24.8594

simpler SISO case, we anticipate that the results will extend naturally
to multi-input multi-output problems.

Perhaps the most severe limitation of the proposed method is that it
may result in very large order controllers (roughly 2V), necessitating
some type of model reduction. Note, however, that this disadvantage
is shared by some widely used design methods, such as p-synthesis
or I; optimal control theory, that will also produce controllers with no
guaranteed complexity bound. Application of some well-established
methods in order reduction (noteworthy, weighted balanced trunca-
tion) usually succeed in producing controllers of manageable order.
The example of Section IV suggests that substantial order reduction
can be accomplished without performance degradation. Research is
currently under way addressing this issue.

APPENDIX A
PROOF OF LEMMA 1

Proof of Lemma 1: From the maximum modulus theorem, it fol-
lows that a controller Q; that is admissible for H2/Ho, s, is also
admissible for Hz /Hoo, 5, , , - Thus, the sequence y; is nonincreasing,
bounded below by the value of ||T¢,w, || obtained when using the
optimal 2 controller. It follows then that it has a limit ¢ > p°. We
will show next that ¢ = p°. Assume by contradiction that p° < u
and select u° < g < p. Since infgerm R+ Qllo < 7, it
follows that there exists Q1 € RHoo such that [|R + Q1ljc < 7-
From the definition of x° it follows that, given 7 > 0, there exists
Qo € RHoo, || R+ Qolloo < 7, such that ||T¢,0, (Qo)ll2 < p° + 7.
Let Q 2 Q, + €(Q1 — Q). It follows that

1 Teow0: (@)ll2 < 1° + 1+ €l T2(Q1 = Qo)l2
IR+ Qlleo < ellR+ Qulleo + (1 = IR+ Qolloo < -

Since @ € RHoo it follows that there exists 6 < 1 such that
T + T5°Q is analytic in || > 61. Since [|T° + T5°Qlloo < 7
it follows from continuity that there exists 6 < 1 such that
TT° + T5°Qlls, s, < 7. Therefore, by taking € and » small enough
and 6 2 ma{{&l, 62} < 1 we have that ||T7° + T2°°Q||oo,.s <75
and ||\T¢,w, (Q)|l2 < f2. Hence for 6; > 8, pi < ji. This contradicts
the fact that the sequence g, is nonincreasing and that g < p =
lims, 1 pi- 0
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‘Hoo Control of Nonlinear Systems via Output
Feedback: Controller Parameterization

Wei-Min Lu and John C. Doyle

Abstract— The standard state space solutions to the .. control
problem for linear time invariant systems are generalized to nonlinear
time-invariant systems. A class of local nonlinear (output feedback) Hoo-
controllers are parameterized as nonlinear fractional transformations on
contractive, stable nonlinear parameters. As in the linear case, the Hoo
control problem is solved by its reduction to state feedback and output
estimation problems, together with a separation argument. Sufficient
conditions for H-control problem to be locally solved are also derived
with this machinery.

I. INTRODUCTION

Linear Hoo control theory has a simple state space characterization
[3], which has clear connections with traditional methods in optimal
control. These facts have stimulated several attempts to generalize the
linear Hoo results in state space to nonlinear systems [2], [13], [6],
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