1820

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE,

A Model (In)Validation Approach
to Gait Classification
Marı́a Cecilla Mazzaro, Member, IEEE,
Mario Sznaier, Member, IEEE, and
Octavia Camps, Member, IEEE
Abstract—This paper addresses the problem of human gait classification from a
robust model (in)validation perspective. The main idea is to associate to each
class of gaits a nominal model, subject to bounded uncertainty and measurement
noise. In this context, the problem of recognizing an activity from a sequence of
frames can be formulated as the problem of determining whether this sequence
could have been generated by a given (model, uncertainty, and noise) triple. By
exploiting interpolation theory, this problem can be recast into a nonconvex
optimization. In order to efficiently solve it, we propose two convex relaxations,
one deterministic and one stochastic. As we illustrate experimentally, these
relaxations achieve over 83 percent and 86 percent success rates, respectively,
even in the face of noisy data.

æ
1

INTRODUCTION

THE problem of human activity recognition has received considerable attention within the Computer Vision community (see, for
instance, the surveys [1] and [9]). Existing approaches to this
problem can be divided into those recasting activity recognition as
a classification problem, and those that seek to exploit context
information (see [9], [19] and references therein).
Classification approaches are based on the general idea of
matching experimental data provided by an earlier segmentation
stage against a set of suitable representations of different actions of
interest. Roughly speaking, most of these approaches accomplish
this by finding the “nearest neighbor,” in some suitable distance,
either stochastic or deterministic. Among the several approaches
available in the literature that fall in this general category, one can
distinguish the use of spatio and/or temporal templates [10], [3];
principal component analysis [24], [12]; Bayesian-based stochastic
methods [17], [21]; Hidden Markov Models [5], [6], [20], [11]; and
the use of dynamical black or gray box models underlying the
activities under consideration [2].
While these approaches have proven successful in many
scenarios, in others they may fail due to the effects of measurement
noise and errors in extracting the features under consideration. In
addition, methods that exploit underlying models (either Markovian or deterministic) are susceptible to failure due to modeling
errors, arising from the fact that, in practical situations, the
parameters of these models are identified from a finite set of noisy
measurements. Finally, stochastic approaches, due to their nature,
cannot unequivocally falsify the experimental information, to
indicate cases where the observed data does not match any of
the available models.
In order to circumvent these difficulties, in this paper we
propose a method for robust gait classification based upon
recasting the problem into a robust model (in)validation form.
Specifically, we will associate to each class of gaits a family of
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models, represented by a nominal model and bounded model
uncertainty, and a class of admissible inputs, representing
measurement and process noise. In this context, the problem of
determining whether or not a given experimental sequence
corresponds to a particular activity type reduces to establishing
whether this sequence could have been generated by a combination of the given model, and some elements from its associated
classes of model uncertainty and inputs: a model (in)validation
problem. However, contrary to the standard invalidation case
discussed in the Robust Control literature [7] where the input is
known, here the only information available is a set membership
characterization, based on spectral data. This leads to a nonconvex,
generically NP-hard problem. To solve this difficulty, we propose
two relaxations: one convex and one stochastic. These relaxations
achieved over 83 percent and 86 percent success rates, respectively,
with real data.

2
2.1

Index Terms—Gait classification, activity recognition, model (in)validation, riskadjusted (in)validation.

VOL. 27,

PRELIMINARIES
Notation

‘2 ½0; N denotes the space of square summable, real-valued
2 : PN
2
sequences fxi gN
k¼0 equipped with the norm kxk‘2 ¼
i¼0 xi . L
denotes the space of causal, linear time invariant (LTI) operators
bounded in ‘2 ½0; 1Þ. It is well-known that this space is isomorphic
to H1 , the space of matrix functions essentially bounded on the
unit circle and with bounded analytic continuation inside the unit
:
disk, equipped with the norm: kGk1 ¼ ess supjzj<1 GðzÞ, where :
denotes maximum singular value. In the sequel, to any finite
sequence fxk g, we will associate the following Toeplitz matrix:
3
2
x0
0
... 0
6 x1
x0
... 0 7
7
6
Tnx ¼ 6 ..
..
..
. 7:
4 .
.
. .. 5
xn

xn1

...

x0

By a slight abuse of notation, to each LTI system S we will
associate the matrix TnS obtained from the first n þ 1 elements of its
impulse response sequence.

2.2

Modeling Human Gait

The problem of modeling human gait has been extensively
researched (see, for instance, the surveys [1], [9], [14]) leading to
several different approaches that can be roughly divided into
biomechanical motivated [8], [15] and input/ouput (or gray/black
box) box modeling [2], [6]. In the sequel, we will concentrate on
input/output models since we are interested in classifying gaits,
rather than explaining the internal processes involved. In this
situation is advantageous to use smaller, simpler models since
model order is directly related to the computational complexity of
the algorithms involved. However, we want to stress the fact that
the approach pursued here is completely general and can be
applied to other models and/or activities.
Specifically, following [2], we will represent each of the
activities under consideration as realizations of a second order
stationary stochastic process. Thus, to each activity we can
associate a discrete LTI system S i , driven by white zero-mean
Gaussian noise e:
xkþ1 ¼ Ai xk þ Ki eik ;

ySk ¼ Ci xk þ wik ;

ð1Þ

where w denotes measurement noise. The output of the model,
yS ¼ fySk g, is a vector sequence containing the angular displacements, relative to their mean values, of the shoulder, elbow, hip,
and knee joints of the target. In this formulation, the actual values


of the matrices Ai ; Ki ; Ci can be obtained from the experimental
data using subspace identification methods [23], [2].
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Fig. 1. The gait classification set-up.

Fig. 2. Alternative, jointly convex gait-classification setup.

2.3

Theorem 1. Problem 1 has an affirmative answer if and only if there
exists at least one pair of finite sequences e ¼ fe0 ; e1 ;    ; en g 2 E
and w ¼ fw0 ; w1 ;    ; wn g 2 N such that

Gait Classification as a Model (In)Validation Problem

The goal of this paper is to, given 1) a set of gaits G ¼ fGi g, each
represented by a set of exemplars, and 2) a sequence of frames
from an unknown activity, determine whether the latter corresponds to one of the known gaits in G. We propose to solve this
problem by postulating that all time sequences corresponding to
realizations of a given gait Go can be obtained as the output of some
LTI system So to an unknown input signal e 2 ‘2 , kek‘2  1.1 This
leads to the set-up shown in Fig. 1, where S is one of the models in
the set S, and where y and w represent the experimental data and
(energy bounded) measurement noise, respectively. The block 
represents (dynamic) model uncertainty to account for the fact that
the models S were identified using finite data sequences,
corrupted by noise (see the Appendix for a discussion of the role
of ). Motivated both by theoretical and practical considerations
we will use the ‘2 norm2 to measure the distance between two
given experimental sequences dðyi ; yj Þ ¼ kyi  yj k‘2 . Thus, since all
other signals involved are also in ‘2 , in the sequel the operator 
will be characterized in terms of its ‘2 -induced (or H1 ) norm. In
this context, the gait classification problem can be precisely recast
in the following model (in)validation form:
Problem 1. Given 1) experimental data fyk g; k ¼ 0; . . . ; n, consisting
of ðn þ 1Þ measurements of the angles of the shoulder, elbow, hip, and
knee joints of a person, and 2) some a priori information consisting of
the set of models S and the following set descriptions E, N ðÞ, and 
of admissible inputs, noise, and uncertainty blocks:
n
o
E ¼ e 2 ‘2 : kek‘2 ½0;n  1
n
o
ð2Þ
N ðÞ ¼ w 2 ‘2 : kwk‘2 ½0;n   ;


 ¼  2 H1 : kk‘2 !‘2   ;
where the constants  and  characterize the noise and
uncertainty levels, determine if there exists at least one quadruple
ðei ; wi ; i ; Si Þ 2 E  N    S that can reproduce the available
experimental evidence, that is:
y ¼ ðI þ i ÞSi  ei þ wi ;

ð3Þ

where  denotes convolution.
If the answer to this problem is negative, then the experimental
sequence does not correspond to any of the known gait types S i .
On the other hand, if more than a feasible quadruple exists, the
unknown sequence can be assigned to the class corresponding to
the smallest uncertainty norm, ki k1 ¼ i . In this sense, the
proposed approach belongs to the class of “nearest-neighbor”
classifiers, with a metric selected to improve robustness against
model uncertainty and noise.

3

MAIN RESULTS

In this section, we show that Problem 1 can be transformed into a
finite-dimensional convex optimization and efficiently solved with
commercially available software.
1. This is a deterministic, set-membership based equivalent to (1).
2. Using the ‘2 rather than the peak (‘1 ) norm minimizes the effects of
outliers in the experimental data.

Tnz Tnz  2 ðTnS Tne ÞT TnS Tne ;

ð4Þ
: n
n
n
n
n
n
n
where
¼ Ty  TyS  Tw , and where Ty , Te , Tw , and TS are
defined as in Section 2.
Tnz

Proof. Begin by noting that the interconnection fS; g shown in
Fig. 1 could have generated the experimental evidence y if and
only if there exists an operator  2  and signals e 2 E, w 2 N ,
z, and yS satisfying the following equations:
yS ¼ S  e; z ¼   yS ; z ¼ y  yS  w

ð5Þ

or, equivalently,
TnyS ¼ TnS Tne ; Tnz ¼ Tn TnyS ;

ð6Þ

Tnz ¼ Tny  TnyS  Tnw :

From Lemma 2 in the Appendix, there exists  2  mapping
the sequence yS to z if and only if ðTnz ÞT Tnz  2 ðTnyS ÞT TnyS .
Substituting back in (6) and reordering yields the desired
result.
u
t
Unfortunately (4) is not jointly convex on all the variables
involved, due to the cross-terms Tnw T TnS Tne . Rather, it can be shown
that it is equivalent to a Bilinear Matrix Inequality (BMI)
optimization. These problems are known to be generically NPhard [22] and, thus, computationally expensive to solve. In order to
obtain computationally tractable algorithms, in the sequel we
propose two convex relaxations of Problem 1: one deterministic
and one stochastic.

3.1

A Deterministic Convex Relaxation

Consider the alternative setup shown in Fig. 2, where the
measurement noise is also affected by the unknown error
dynamics :
~ Þ:
y ¼ ðI þ ÞðS  e þ w

ð7Þ

When compared to the original setup shown in Fig. 1, it can be
easily seen that the only difference is in the measurement noise
level. Specifically, if there exists a triple ðe; w
~ ; Þ satisfying (7) with
:

~ k2½0;n  ~ ¼ 1þkk
~ 2 N ðÞ and the triple
kw
, then w ¼ ðI þ Þw
1
ðe; w; Þ satisfies (3). Thus, one can attempt to find a solution to the
original problem by searching for a solution to the model
(in)validation problem shown in Fig. 2, with noise level ~. As we
show next, this leads to a convex optimization problem. In
addition, one will expect that if kk1  1, then this approximation is not too conservative. This conjecture will be experimentally
substantiated in Section 4.
~ S
~ ; ; SÞ 2 E  N
Theorem 2. There exists a quadruple ðe; w
that satisfies (7) if and only if there exists at least one pair of finite
~
~ ¼ fw
~ 0; w
~ 1;    ; w
~ ng 2 N
sequences e ¼ fe0 ; e1 ;    ; en g 2 E and w
such that the following LMI holds:
:
A1 ðe; Þ ¼



XðeÞ
Tnw~ þ TnS Tne

ðTnw~ þ TnS Tne ÞT
ð2  1Þ1 I


 0;

ð8Þ
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Fig. 3. Sample frames of four different activities. These images are courtesy of Professor S. Soatto, UCLA.

where

If there exists at least one feasible e, stop. Otherwise,
consider next sample iþ1 ðzÞ and go back to Step 1.
The algorithm finishes, either by finding one admissible e or after
Nt steps. In the former case, we assign the given sequence to the
gait represented by model S. In the latter, there exists a (small) risk
of incorrectly concluding that the sequence does not correspond to
the gait represented by S. The next result, adapted from [16] gives
a bound on this risk:
2.

:
XðeÞ ¼ ðTny ÞT Tny  ðTny ÞT ðTnS Tne þ Tnw~ Þ  ðTnw~ þ TnS Tne ÞT Tny
T
: 
and YðeÞ ¼ eT
.
eT
   eT
0
1
n
Proof. From (7) (see also Fig. 2), we have that
TnyS ¼ Tnw~ þ TnS Tne ;

Tnz ¼ Tn TnyS ;

Tny ¼ Tnz þ TnyS :

ð9Þ

Lemma 1. Let ð; Þ be two positive constants in ð0; 1Þ. If

As in the proof of Theorem 1, there exists  2 
mapping the input-output sequences ðyS ; zÞ if and only if
ðTnz ÞT Tnz  2 ðTnyS ÞT TnyS . Substituting in (9) yields:
ðTny



TnyS ÞT ðTny



TnyS Þ



2

ðTnyS ÞT TnyS

Nt 

 0:

Probð9 : CPe feasiblejCPe infeasible for i ; i ¼ 1 . . . ; Nt Þ < 

1.

and this event occurs with probability greater than ð1  Þ. This
implies that, with confidence greater that 1   the algorithm above
has a probability smaller than  of not finding , if one exists.

A Risk-Adjusted Convex Relaxation

As mentioned before, the convex relaxation discussed in Section 3.1
is not too conservative for cases where kk1 is small. On the other
hand, if this condition does not hold, (3) might be infeasible in
cases where the original problem has a solution. In order to handle
these cases, in this section, we propose a stochastic relaxation of the
original problem that has polynomial, rather than exponential,
computational complexity growth with the problem data [13].
The main idea of the method is to uniformly sample the set of
admissible uncertainties  , in an attempt to find at least one
element i so that model ðI þ i ÞS together with an admissible
input e 2 E and output noise w 2 N can explain the experimental
data y. This removes the interpolation constraint that makes the
problem nonconvex in ðe; wÞ since for a fixed i Problem 1 has an
affirmative answer if and only if there exists at least one feasible
solution e 2 E to the convex problem y  ðI þ Ti ÞTS e 2 N . This
observation leads to the following gait classification algorithm:
Algorithm 1. Given an experimental sequence y, the nominal
model of a gait type S and a value of , take Nt samples of ,
t
fi ðzÞgN
i¼1 using Algorithm 2 described in the Appendix.
For each i , solve the following convex feasibility
problem in e:
CPe : Find e 2 E such that

y  ðI þ Tn i ÞTSn e 2 N :

TABLE 1
Experimental Data

ð10Þ

then

The LMI (8) follows now by reordering terms and using Schur
complements (see [4], Chapter 2).
u
t

3.2

lnð1=Þ
;
lnð1=ð1  ÞÞ

4

EXPERIMENTAL VALIDATION

In this section, we illustrate the effectiveness of the proposed
algorithms using experimental data. We begin by outlining a
method to compute suitable nominal models for each gait class.

4.1

The Experimental Data

The experimental data, the same used in [2], consists of 30 vector
sequences yk , taken from five different persons, labeled A, B, C, D,
and E. Each sequence contains measurements of the angles of the
shoulder, elbow, hip, and knee joints of a person walking, running,
or walking a staircase, and are assumed to be corrupted by
additive noise of bounded energy. Fig. 3 shows sample frames
from the videos used to generate the data sets. The trajectories of
the joints over time were extracted by using a variant of the
algorithm proposed in [6] where the skeleton of the human is
represented as a kinematic chain supporting ellipsoidal texture
patches. For illustrative sake, the data sequences are numbered
from 1 to 30 so that 1-10 correspond to walking, 11-20 to running
and 21-30 to walking a staircase, as shown in Table 1.

4.2

The Nominal Models

In the sequel, we will use models of the form (1), with ns ¼ 4
states,3 ni ¼ 4 inputs, and no ¼ 4 outputs. In order to use these
models, the experimental sequences should be normalized to have
zero mean, and scaled so that the corresponding input ei has unit
energy. Under the assumption that gaits are second order
stationary, mean ergodic random processes, an unbiased estimate
of the mean of P
each exemplar is given by the temporal average:
n1 i
i ¼ Eðyiraw Þ
k¼0 yk;raw =n. The data used to compute the model
Si associated with the ith gait is given by ySi ¼ yiraw  i . Similarly,
:
T
an estimate of 2i ¼ ðn þ 1ÞEðeP
k ekÞ, the energy of an input sequence
n 1 T
e can be estimated by ðn þ 1Þ k¼0
ek ek =n . A normalized system
:
having unity-energy input is then given by S^i ¼ i Si .
Finally, to minimize the computational time, rather than
representing each class of activities by all the models fSij g
3. This represents a good compromise between model quality and
complexity.
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corresponding to different experimental realizations yji of the gait Gj ,
we will choose as a single representative for this class the model
S j 2 fSij g that is closest to each other element in the class, in the
sense of minimizing the norm of the (multiplicative) uncertainty
required to map the two models under consideration, i.e.,
n
o
S j ¼ arg jmin
ð11Þ
kðS^ij  S^kj ÞS^j 1
k k1 :
j
S^i ;S^k 2S j

In order to avoid introducing biases, we will compute the nominal
models using all sequences in a given class while testing a
sequence outside that class; and excluding the test sequence while
matching it with its class (leave-one-out method). For instance, when
classifying the sequence y1 , the walking, running, and climbing
stairs models where obtained using the sequences y2  y10 ,
y11  y20 , and y21  y30 , respectively.

4.3
4.3.1

The Results
Using the Deterministic Convex Relaxation

Table 1 shows the results of applying Theorem 1, using 20 sample
~ k‘2 ½0;19  ~.
points per sequence and noise level of ~ ¼ 0:10.,4 i.e. kw
In all cases, the first column contains the experimental sequences
to be recognized; the second, third, and fourth columns display the
minimum size of the uncertainty block  measured in the H1
norm, so that nominal models Swalk , Srun , and Sstair can reproduce
the given data. Each sequence is assigned to the class corresponding to the smallest uncertainty value. As shown in Table 2a, the
proposed method can successfully recognize 25 out of the
30 sequences under consideration; with the misclassifications
likely due to the relatively short length of the data record used
for classification. Indeed, using 25 sample data points allows for
correctly classifying also the sequence y21 and considering 30 data
points further extends these results to include the sequences y29
and y30 . However, these additional successes come at the price of a
computational complexity increase since the computational complexity of conventional LMI solvers grows as the fifth power of the
number of decision variables.
For comparison, we also classified the experimental sequences
by finding the nearest neighbor in the Martin distance sense,
proceeding as in [2]. This approach misclassified eight out of the
30 sequences (y3 , y5 , y6 , y7 , y15 , y16 , y17 , and y27 ).

4.3.2
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CONCLUSIONS

This paper approaches the problem of human gait classification
from a model (in)validation viewpoint. The main idea is to
associate to each class of activities a nominal model and a class of
bounded energy inputs. In this context, the problem of recognizing
a sequence of frames can be formulated as the problem of
determining whether this sequence could have been generated
by a combination of the given model, some admissible uncertainty
and its associated class of inputs. By exploiting norm constrained
interpolation theory results, this problem can be recast as a finite
dimensional, albeit generically nonconvex, NP-hard, optimization
problem. In order to efficiently solve this problem, in the paper, we
propose two different convex relaxations, one deterministic and
one stochastic. As we illustrate with experimental sequences, the
deterministic relaxation achieves good success rate (in this case,
over 83.33 percent), even in the face of noisy data. Better success
rates, at the price of additional computational complexity, can be
obtained by resorting to a stochastic, risk-adjusted relaxation. This
stochastic relaxation has a computational complexity that grows
polynomially (rather than exponentially as in the original
nonconvex problem) with the number of frames. Moreover, the
computational-time requirements can be reduced by using the
deterministic relaxation as a first step to improve the a priori
available bounds on the uncertainty size. Finally, it is worth
noticing that the sequences misclassified by our algorithm are
different from the ones misclassified by the algorithm proposed in
[2]. This suggests that robustness could potentially be improved by
running both algorithms and then reexamining the sequences
where the answers differ, for instance, by considering longer data
sequences only for these cases.

APPENDIX A
A.1 BACKGROUND RESULTS
In this section, we recall, for ease of reference, the interpolation
theory results used to recast the gait recognition problem into a
tractable convex finite dimensional optimization form.
Lemma 2 ([7], Chapter 2). Given matrix valued sequences Ui 2 Clj
and Vi 2 Ckj , i ¼ 0; 1; . . . n, there exists a matrix interpolant
LðzÞ 2 BHkl
1 such that
LðzÞ ¼ L0 þ L1 z þ L2 z2 þ . . . þ Ln zn þ . . .




T T
T T
¼ VT
TnL UT
o . . . Un
o . . . Vn

Using the Risk-Adjusted Relaxation

As indicated before, the main idea of this relaxation is to use a
combination of sampling and convex optimization to determine
the minimum size of the uncertainty, , required for each of the
nominal models—either Swalk , Srun , or Sstair —to reproduce a given
experimental sequence. This was accomplished by taking an initial
value of  (a good upper bound is the value furnished by the noise
free case) and using Algorithm 1 to check whether there exists at
least one sample n 2  so that Problem CPe has a feasible
solution. If the answer was affirmative, then the value of  was
decreased. For each experimental sequence, we carried out this
procedure for each nominal model Si , until the minimum value of
i for which the associated problem CPe is feasible was found.
Proceeding as before, we then assigned the given sequence y to the
gait represented by the nominal model corresponding to the
minimum value of i .
Table 2b shows the results obtained using the procedure
outlined above using Nt ¼ 6; 000 samples over the set  and an
output noise level of  ¼ 0:06. This value of Nt guarantees,
with confidence 0:9975, a probability smaller than 0:001 of
incorrectly determining . Compared to the convex relaxation,
this approach has an 86.67 percent success rate, but at the price
of increased computational requirements. Note, however, that
the required samples fi g can be generated offline and, thus,
not all of this additional computational burden needs to be
carried out in real time.

NOVEMBER 2005

if and only if ðTnU ÞT TnU  ðTnV ÞT TnV  0.
The following algorithm, described in [16], generates
t
uniformly distributed finite impulse responses fhi gN
i¼1 with
i
i
i
i
ms
, so that the function
hi ¼ fH0 ; H1 ; . . . ; HN g, Hk 2 R
: P
i k
H
z
can
be
completed
to belong to BH1 , the unit
H i ðzÞ ¼ N
k
k¼0
ball in BH1 .
Algorithm 2. Let k ¼ 0. Generate Nt samples uniformly distributed over the set fH0 : ðH0 Þ  1g.
1.

Let k :¼ k þ 1. For every generated sample ðHi0 ;
Hi1 ; . . . ; Hik1 Þ, consider the partition
2

Hik
6 Hik1
6
6 .
4 ..
Hi0




Hi1
Hi0
..
.

0



B
A


ð12Þ

0

and let the matrices Y and Z be a solution of the linear
equations:
1

4. This value was selected so that, with an actual noise level  ¼ 0:06,
infeasibility of the convex relaxation is a sufficient condition for infeasibility
of the original problem for values of kk up to 0:4.

3
Hi0
 i
0 7
Hk
7
¼
.. 7
C
. 5

B ¼ YðI  AT AÞ2 ;

1

C ¼ ðI  AAT Þ2 Z:
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TABLE 2
Classification Results

(a) Using the deterministic convex relaxation: success rate 83.33 percent. (b) Using the stochastic relaxation (  and y denote infeasibility and a misclassified sequence,
respectively). Success rate: 86.67 percent.

2.

A.2 MODEL IDENTIFICATION

Let
1
1
:
JðH0 ; H1 ; . . . ; Hk1 Þ ¼ jðI  YYT Þ2 jm jðI  ZT ZÞ2 js :


Generate Nt JðHi0 ; Hi1 ; . . . ; Hik1 Þ samples uniformly dis-

tributed over the set fW : ðWÞ  1g. For each sample Wi ,
compute
1

1

Hik ¼ YAT Z þ ðI  YYT Þ2 Wi ðI  ZT ZÞ2 :
3.

If k  N go to Step 1. Otherwise, stop.

ð13Þ

AND

UNCERTAINTY DESCRIPTIONS

The problem of extracting models from experimental data has been
extensively researched in the control community [23], [7]. In the
past few years, a large portion of the effort has been directed
toward obtaining worst-case identification error bounds, to
account for the fact that any model identified from a finite set of
noisy measurements is likely to be inaccurate. Next, we illustrate
the issues involved and motivate the uncertainty description used
in Section 2.3.
Consider the problem of identifying a LTI system with a
transfer function Go ðzÞ ¼ 1 from noisy measurements of its step

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE,

response: yk ¼ ðG  uÞk þ dk . Since Go ðzÞ ¼ 1, it follows that
yk ¼ 1 þ dk . Consider now the following two systems:
G1 ðzÞ ¼

z  0:8578
z þ 0:8578
; G2 ðzÞ ¼
:
z  0:9
z þ 0:9

Simple algebra shows that the corresponding step response
sequences are given by:
y1 k ¼ f1; 1:0422; 1:0802; 1:1144; 1:1451; . . .g;
y2 k ¼ f1; 0:9578; 0:996; 0:9616; 0:9924; . . .g:
Thus, if the measurement noise d can take values above 0:15, all of
these systems are undistinguishable. If the noise level is 0.09, an
experiment of length 4 will establish that G1 is no longer
consistent with the experimental measurements, but still cannot
distinguish between Go and G2 . This illustrates the concept of
consistency set T ðyÞ ¼ fG: y ¼ G  u þ dg, e.g., the set of all plants
compatible with the experimental outcome. From an identification
standpoint, all plants in T ðyÞ could have generated the observed
experimental data. Thus, its “size” gives an upper bound of the
worst-case error incurred when choosing any one element of T ðyÞ
as the identified systems. For instance, in the simple example
above, assuming a noise level of 0.15, one could choose as the
2
0:81
. In this
“identified” system Gid ¼ 0:5½G1 ðzÞ þ G2 ðzÞ ¼ 0:5 z2z0:1544
case, every element of the consistency set can be (conservatively)
represented by GðzÞ ¼ Gid ½1 þ ðzÞ, where ðzÞ accounts for the
mismatch between the dynamics of the systems. For instance, if
2
1 ðzÞ ¼ zz2 1:4656
0:1544 , then the formula above yields GðzÞ ¼ 1. Similarly
G1 G2
 ¼ G1 þG2 yields Gid ð1 þ Þ ¼ G1 . A compact (albeit conservative)
representation of the set of all systems compatible with the
available experimental information is:5
G ¼ Gid ð1 þ Þ;  2 H1 ; kk1  :
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