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2 Problem Description 

Abstract 

Because of their reduced switching loss, dc-to-dc resonant con- 
verters have been widely used in the design of small size and light 
weight power supplies. The steady state and dynamic behav- 
iors of the conventional series and parallel resonant converters 
have been thoroughly analyzed, as well as the small signal mod- 
els around given nominal operating points have been obtained 
These models have been used in the past to design controllers 
to keep the output voltage constant in presence of input pertur- 
bations. However, these controllers did not take into account 
components and load variations, which could lead to instability 
problems. Furthermore, the prediction of frequency range for 
stability was done in a posteriori, either expenmentally or by 
a trial-and-error approach. In this paper, we use p-synthesis 
to design a robust controller for the second-order conventional 
parallel resonant converter. In addition to robust stability under 
different load conditions, the design objectives also include re- 
jectionr of disturbances at the converter input while keeping the 
control input and settling time within values compatible with 
practical implementatiori. 

1 Introduction 

2.1 The Second-order Parallel 
Resonant Converter[2] 

The half-bridge Capacitively Coupled second-order PRC is illus- 
trated in Figure 1. Two capacitors Ci are assumed much larger 
than the resonant capacitor C(C, >> C). Hence they act like 
a voltage divider, wit.h their volt,ages Vg’s equal to one-half of 
t.he source voltage E. The combinations of the diodes and tran- 
sistors form the bi-directional switches, which operate at 50% 
duty ratio to generate a symmetrical square wave voltage V. 
with switching frequency fs, applied across the resonant tank 
LC. The full wave rectifier is used in the output circuit to cou- 
ple the resonant capacitor voltage v, to the load R,. A very 
large output inductor L,  is needed to minimized the load effect 
on the resonant capacitor voltage and to ensure the constant 
amplitude of the current through the output circuit. The fol- 
lowing nominal parameters are taken from the design example 
in Chapter 2 of [2]: 

L = 41.18pH 
C‘ = 11.30nF 

Lo = lOmH 
R, = 208.330 
v, = l0OV 
V, = 250V 

2, = Jr;/c= 60.39R 

For convenience, we introduce the following normalized vari- 

Due to their reduced switching losses, the dc-to-dc resonant con- 
verters are currently the object with widespread interests among 
power conversion applications. In resonant converters, high op- 
erating frequencies are used since they result in smaller, lighter 
magnetic components, lower harmonic contents and faster tran- 
sient response. Because of all these features, the high frequency 

fs = 2OOkHz 

resonant converters are becoming the preferred choice in ap- 
plications requiring high-efficiency, high-density, dc-to-dc power 

vns = v. = 1; v, 
converters [ 2 11 . 

In the past controllers for resonant converters were designed 
R, Qp = - = 3.45; 
20 
V O  to keep the output voltage constant in the presence of input v,, = -- = 2.5; 

perturbations. However, neither load nor components varia- v, 
f s  

p-synthesis[l] to design a robust controller for a second-order f.3 
tions were considered in these controllers. In this work we use 

parallel resonant converter (PRC). The design objective is to 
robustly reject input variations in the presence of load and com- 
ponents uncertainties, while keeping small control actions and 
short settling time. This is accomplished by selecting appropri- 
ate weight functions reflecting these requirements. 

2364. Fax: 814-8657065. Email: msznaier@!frodo.ee.psu.edu 

0-7803-1859-5/94/$4.00 R3 1994 IEEE 

F,, = - = 0.86. 

where the resonant frequency fo = & 

2.2 Small Signal Model 

The Converter iS a nonlinear, variable structured system. For a 
given operating point, a discrete-time small signal model can be 
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Figure 1: The 2nd-order PRC circuit diagram 

obtained by using perturbation methods[l7]. The sampling time 
for this discrete-time model is equal to Ts/2, where T, = l/fs is 
the switching period. Therefore, from sampling theory it follows 
that this model is correct under small signal perturbations with 
frequencies up to the operating switching frequency f8. 

The discrete model from F,. and V,, to output V,, at the 
nominal operating point is given by the following state space 
realization: 

where 

X ( k  + 1) = A X ( k )  + E U ( k )  
Y ( k )  = C X ( k )  

0.8219 0.5504 -2.1402 
-0.2767 0.6108 -0.6644 
0.0053 0.0075 0.9387 

-6.4684 0.4834 

-0.0002 0.0162 

G = ( O  0 3.45) 

The state variables and input are defined as 

~ ( k )  = 1 in/(k)  vnc(k) Ino(k) I T ,  
~ ( k )  1 Fna(k)  Vng(k) I' 
where in[, v,, and Zno are the normalized resonant inductor cur- 
rent; capacitor voltage and output current, respectively. 

2.3 Control Objectives 

The purpose of the feedback control is to keep the output voltage 
at a prescribed level (in our case V,  = 250V, i.e. Vn, = 2.5) at all 
operating points, using as control input the switching frequency 
f,. This problem can be further divided into three parts: 

a. Line Regulation: The line voltage variation, modeled as an 
external disturbance, leads to a disturbance rejection prob- 
lem. 

b. Load Regulation: Load variations will appear as model un- 
certainty and could possibly lead to stability problems. 

c .  The requirement of satisfactory transient responses under line 
voltage variation and/or load change within the whole op- 
erating range. 

In addition, all physical variables should be limited to practi- 
cal values in order to ensure the implementability of the resulting 
controller. Since all these control objectives must be achieved 
for possible values of components and load conditions, this con- 
stitutes in fact a robust performance problem. 

3 Analysis of the Plant 

3.1 Control Characteristics 

The effects of switching frequency changes and load variations 
upon the converter output can be seen from the relationships 
among Vn,,Fn, and Q P ,  which are known as control charac- 
teristics[2]. Figure 2 illustrates the control characteristics curves 
for different load Qp's, where the mark '*' indicates the nominal 
operation point. As shown in the figure, at heavier load(1arge 
Qp), the output voltage will change faster with respect to the 
frequency variation. This results in tougher control problem 
at heavy load conditions. Our control objective is to keep the 
converter operating along the dashed line in Figure 2 with con- 
stant output V,, in the presence of input perturbations and load 
variations. 
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Figure 2: The Conventional PRC 
Curves 

Control Chara.cteristics 

3.2 Frequency Responses 

From the discrete time state-space model, we can easily get the 
z-transfer functions from the normalized switching frequency 
F,, and the normalized line input V,, to the normalized out- 
put vno: 
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Finally, a transfer function in the frequency domain s can be 
obtained by using a bilinear transformation with the sample 
time T./2: 

We denote the nominal transfer functions in s as G(s)  and 
G,(s). They are given by: 

s + 795041 
s + 29167 

G(s )  = 2.652* 

(3) 
(S - 792431)(~ - 800003) * 

(s + 83363 f 2024872') 

s + 29167 
s - 800003 G,(s) = -1.367 * lo-*- 

(4) 
(s + 484930 k 2902532) 
(s + 83363 f 2024872) 

* 

The frequency responses of G(s)  at the nominal operating point 
as well as a t  a few other load conditions are shown in Figure 3. 
As shown in the figure, when the load becomes heavier(1arger 
Ro), the overshoot increases, resulting in a more difficult control 
problem. On the other hand, the control characteristics require 
that Q, be greater than V,, in order to get the prescribed out- 
put voltage. That means that R, should be greater than 151R. 
Therefore, in this paper we assume that R, will vary within the 
range of 151R to 1200R. 
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Figure 3: Frequency responses G(s) at different load conditions 

4 Control Design 

4.1 Structured singular value and p-synthesis 

Consider the standard 'M-A' structure shown in Figure 4, where 
M is a compatible matrix and A = diag{A,} represents a model 
perturbation with a block diagonal structure. The structured 
singular value p is defined as [l]: 

pa'(M) = q{o(A) lde t (Z  + MA) = 0) (5) 

As shown in [l], if M is a stable transfer matrix, a necessary 
and sufficient condition for robust stability of the interconnected 

Figure 4: Standard "M-A" structure 

systems for all perturbations l/All, 5 1 is that p(M) < 1. Ro- 
bust performance can be addressed by introducing an additional 
fictitious perturbation block. It can be shown [I]  that robust 
performance is achieved if and only i f  

ClRP = supPA(M) w < 1 (6) 

where A contains both the uncertainty and the performance 
blocks. The problem of finding a stabilizing controller which 
minimizes p ~ p ,  (psynthesis), is not fully solved yet. The present 
p synthesis algorithm, called D-K iteration, is a combination of 
H ,  synthesis and the optimal D-scaling. Although global con- 
vergence is not theoretically guaranteed, the algorithm works 
well in practice. 

4.2 

To cover all possible plants, the uncertainty descriptions and 
weights must be specified. The load variation is a primary 
source for uncertainties. Let GRo(s) denote the transfer func- 
tion from control input F,,, to output V,, at operating points 
R, # 208.330. Then the multiplicative unchainty can be ex- 
pressed as 

Weights Select ion[' a[' 31 

P ( W )  = ((GRo - G)G-lI (7) 
Some sample uncertainties for different load R, are shown in 
Figure 5. In order to keep the complexity of the controller rea- 
sonably low, we will cover all multiplicative uncertainties due to 
load changes from 151R to 1200R with the following first order 
weight: 

(8) 
1.3 * 10-4s + 0.62 

Wd.1 = lo-es + 

The frequency response of Wl(s)  is also shown in Figure 5. Addi- 
tionally, there may be some component uncertainties. However, 
they result in changes on Q, which can be effectively considered 
as load R, changes. 

To achieve the control objectives, we also need to choose 
the performance weights We(.) and Wu(s) , which are associ- 
ated with the trackingfregulation error and the control effort 
respectively. The selection of We(s)  and Wu(s) entails a trade- 
off among different performance requirements, particularly good 
regulation versus peak control action. The following weights are 
used in design: 

10.001s + 1 
We(s)  = -~ 

4 0.001s 

The weight on the error We(.) was selected to be an inte- 
grator at low frequencies in order to get zero steady-state error 
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-0.25 2.487 -1.235 -0.0419 1.543 
2.487 -283526 416158 7336 384402 
1.235 -416158 -216013 -210276 427561 

-0,0419 7336 210276 -266.8 27402 
1.543 -384402 -427561 27402 1284619 

19; = (-14.23 70.78 35.14 -1.191 43.91 ) 

C = ( -14.23 70.78 - 3 5 . h  -1.191 43.91 ) 
Dk = 6.578e - 9 

The s-domain transfer function of the resulted controller is ob- 
tained as: 

where 

& m ( S )  = s5 + (1.784e + 6)s4 + (8.865e + 11)s3 
+(2.204e + 17)s' + (2.727e + 22)s + (6.817e + 21) 
(6.578e - 9)s5 + (2.051e + 3)s4 + (1.075e + 10)s3 
+(1.814e + 15)s' + (4.747e + 20)s + (5.522e + 24) 

Figure 5: Multiplicative uncertainty for different load 
uncertainty weight 

and 
K,,,(s) = 

and good tracking. It gives a close-loop bandwidth of approxi- 
mately 10OOrad/s. However, it also allows an amplification of 4 
for high frequency noise. The weight on the control input Wu(s) 
was chosen close to a differentiator to penalize fast changes and 
large overshoot in the control input. 

4.3 p-optimal controller 

l e  e 

Figure 6: The block diagram for p-synthesis 

By using the uncertainty description and performance weights 
developed in section 4.2, we get an uncertainty structure A with 
a scalar block (corresponding to the uncertainty) and a 2x2 block 
(corresponding to the performance). The block diagram for p 
synthesis is shown in Figure 6. By using p-toolbox[l], we ob- 
tained a 10th-order p-optimal controller with p m  = 0.9843 < 1, 
thus guaranteeing robust performance. Model reduction yielded 
a 5'h order controller with no performance degradation(pRp = 
0.9846 < 1). The state space realization of the reduced order 
controller is: 

K = C~(SZ - A)-'Bk + Dk (11) 
where 
Ak = 

The linearized model described in section 2 is correct only with 
small signal perturbations. Therefore, the close-loop system was 
simulated under 20% step change in line voltage V,, and refer- 
ence input r .  Figures 7 and 8 show the transient responses of 
the system due to these changes. To verify the robust perfor- 
mance, the linear simulations were done at nominal operating 
point Ro = 2080 and two extreme cases R, = 1510 and 12000. 

m 
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Figure 7: Linear Simulation Results for Reference Step 
Change( 20%): R, = 208R(solid), 1510(dash) and 1200R(dot) 

As shown in the simulation results, the settling time at nom- 
inal case is about 3msec., while for R, = 1510 and 12000 the 
settling time is 4msec. and 2.5msec. respectively. The out- 
put response satisfies the design objectives. However, we also 
notice that at the heaviest load(& = 1200fL), there are some 
high frequency oscillations in both the output and control input 

292 



corresponding to reference and line step change. These oscil- 
lations(or chattering) are due to the neglected high frequency 
uncertainties and limitation of the small signal modelling ap- 
proach. They can be attenuated by increasing the weight on the 
high frequency range, but this will prevent finding a controller 
guaranteeing robust performance for all possible load conditions. 
That is always the dilemma for robust control: the tradeoff be- 
tween robustness and performance. 

I I I 1 

Figure 8: 
Change(SO%): R. = 208fk(soIid), 15lfk(dash) and 1200R(dot) 

Linear Simulation Results for Line Voltage Step 

6 Conclusions 

The paper shows that the p-robust control provides a very pow- 
erful tool for synthesizing controllers for resonant converters, 
capable of guaranteeing good performance under a wide range 
of load conditions. 
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