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Robust Identification with Mixed
Parametric/Nonparametric Models and
Time/Frequency-Domain Experiments: Theory and

an Application

Tamer Inanc, Mario SznaieMember, IEEEPablo A. Parrilo, and Ricardo S. Sanchez P&enior Member, IEEE

Abstract—\We have recently proposed a new robust identifica- of a lightly damped flexible structures, where the use of non-
tion framework, based upon generalized interpolation theory, that - parametric methods leads to high-order models in order to cap-
allows for combining parametric and nonparametric models and ture the frequency response around sharp resonance peaks. In

frequency and time-domain experimental data. In this paper we _ . . . . - . .
illustrate the advantages of this framework over conventional con- this situation, a good time-domain fit can be obtained using the

trol oriented identification techniques by considering the problem Methods proposed in [4] and [8]. However, since these methods
of identifying a two-degree of freedom structure used as a testbed are based on time-domain data, they do not guarantee good fre-

for demonstrating damage-mitigation and life extension control quency domain fitting. In addition, they do not allow for incor-
concepts. This structure is lightly damped, leading to time and fre- - a4ing 3 nonparametric part to take into account unmodeled
quency domain responses that exhibit large peaks, thus rendering d ;
the identification problem nontrivial. ynamics.
o ] . Finally, in [13] we have recently proposed a framework that
Index  Terms—Convex optimization, Carathéodory-Fejér 5} 16\ys for combining parametric and nonparametric models in
problem, interpolatory algorithms, Nevanlinna-pick interpola- the context of mixed frequency/time-domain robust identifica-
tion, robust identification. . ) q_ Yy ) g
tion. In this paper, we briefly review this framework and we
illustrate its advantages by considering the problem of identi-
. INTRODUCTION fying a model of a two-degree of freedom structure. This struc-

URING the past few years a large research effort hidre, used as a testbed for life-extending controllers [16], has

D been devoted to the problem of developing deterministitVery Iightly damped resonant mode, resulting in a nont.rivial
identification procedures that, starting from experimental da@gntification problem. As we show in the paper, conventional
and ana priori class of models, generate a nominal modaingle objective robust identification tools (eithéror H..) fail
and bounds on identification errors. These models and bouri@§apture the complete behavior of the plant. On the other hand,
can then be combined with standard robust control synthe8Rparametric mixed identification yields acceptable results, at
methods (such a%{.., 1 or ¢*) to obtain robust systems.the price of Iar_ge order models. This difﬁpulty can be over-
This problem, termed the robust identification problem wame by modeling the low-frequency behavior of the plant using
originally posed by Helmicket al. [6] and has since attractegsecond-order Kautz filters. The parametric portion of the frame-
considerable attention. Depending on whether the experimer@rk is used to identify the parameters of these filters, while
data available originates from frequency or time-domaipenparametric identification is used for the remaining (mostly
experiments, this framework leads 6. [1], [5], [6], [14] or high-frequency) portion. As shown in Section IV this results in
¢, -based identification [7], [9], [10], respectively. InterpolatoryoW-order models that capture both the time and frequency do-
algorithms exploiting both sources of data have been propodBain behavior of the plant. Moreover, this is achieved using the
in [3], [17], [11]. same total number of experimental data points, hence similar

However, a potential drawback of these methods is their ndfmputational complexity, as in the conventional single objec-
parametric nature. In many cases, part of the model has a clé4 identification.
parametric structure, and disregarding this information may lead
to very conservative results. A typical case is the identification Il. PRELIMINARIES

A. Notation
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£, denotes the space of absolutely summable sequence$o recap, the priori information and the posterioriexper-
h = {h;} equipped with the norii|l,, £ 333, |hi| < co. imental input data are
Similarly /., denotes the space of bounded sequences
h = {h;} equipped with the norial,.. 2 sup;sq |hi] < oo T ={H(z) = Gp(2) + Grp(2) [ Gp € P Gopl2) € S}
Given a sequencé € {4y, its »-transform is defined as A =/ (¢;) = {Uf e CcMr, |77’J:| < Ef}
H(z) = Y72, hiz'.

For simplicity in the sequel we consider single input-single N, =/¢.(e;) = {n' € R, |n}| < &}
output (SISO) models, although all results can be applied to ) .
multiple input-multiple output (MIMO) systems, following ¥’ {h+77f € CM}

Chenet al.[2]. vt {[(Uh) +77]]0 N1 € R“} (1)

B. The Robust Identification Framework By using these definitions the robust identification problem

In this paper we consider the case whereahsterioriex- with mixed models and data can be precisely stated as the fol-

: e . ) ng.
perimental data originates from two different sources: 1) fré wi f .
guency and 2) time domain experiments. The first type of i |n Problem 1: Given the experimenty’, y*) and thea priori

formation consists of a set d¥; samples of the frequency re-S ets(Z, Ny, Ny), determine:

sponse of the system - ;}k_,_m{, k=0,..., N;—1,where 1) ]fthea priori gnda posterioriinformation are consistent,

hi, = H(e?™), k=0, ..., Ny — 1, Q denotes the sampling i.e., the consistency set

frequencies; and wheng{ represents complex additive noise, A (y/ —h)e N

bounded by ; in the £, norm. T(y', vy = {H €eT| ", / } 2
The time domain data consists of a set of the fiyssamples (y* = Uh) e N,

of the time response corresponding to a known but otherwise s nonempty;

arbitrary input, also corrupted by additive noige= (Uh),, + 2) a nominal model which belongs to the consistency set
nh,n=0,..., Ny— 1, where T(y!, v%:;
3) a bound on the worst case identification error.
o 0 ... 0 Next we recall a result from [13] showing consistency can be

established by solving an LMI feasibility problem.

U= tro o Theorem 1: Define
0 [ 1 (0) 2(0) . an,(0)
UN,—1 ... UL U a1(1) g2(1) an, (1)
b= . . , . )
is the Toeplitz matrix corresponding to the input sequence and
where the noisey’, is real and satisfiefi||,.. < . In the L1V = 1) g2(NVe = 1) ... gn, (Ve —1)

sequel, for notational simplicity we will collect the sampig{s and
andy! in the vectory/ € CVr andy* € R™:. ]

o . . : G1( Go(z ... Gy (z
Thea priori information available is that the systehunder 1(70) 2(%0) Ny (20)
consideration belongs to the following classes of models: Gi(z1) Go(z) ... Gn(a)
1) H(z) = Gp(2) + G,,(z) whereG,, andG,,, denote the Py = ; : . ; - 4
parametric and nonparametric part respectlvely ' ' ' '
2) The parametric portiod?,(z) belongs to the following | Gi(en,—1) Galan,—1) - G, (2n,-1)
classP of affine models: Then, thea priori anda posterioriinformation are consistent
if and only if there exists three vectors
P 2 (pTG(z), p € R, pi € [ai, bi]} P o ho
P2 w1 hy
= 5 W = B h =
where the componentG;(z) of vectorG(z) are known
functions. _ . N, W, -1 hn,—1
3) The nonparametric portiof¥,,,, belongs to the class of (5)
modelsS 2 & n Hoolp, K) where
such that

A
a) Hoolp, K) = {Gnp(2) € Hoo,pt |Grpllos,p <
K} Z(w,h) >0 (6)
b) @ is the set of models satisfying a time-domain P
bound of the form® 2 {g()|¢e(k) < g(k) < ' = Pp—w) €Ny )
d)u( )7k—07 N¢_1} (yt_UPtp_Uh) GM (8)



610 IEEE TRANSACTION ON CONTROL SYSTEMS TECHNOLOGY, VOL. 9, NO.4, JULY 2001

where therefore the modeling error tends to zero as the information
L1 is completed.
My % X
Z = 1 D. Some Numerical Considerations
K X Mo From Theorem 1 we have that the central [igs) = 0]
T 0 SoR—2 nonparametric identified model is given by
MO = _92 _92 (9) 1
LR255 R Gop(z) = T1oT55 . (13)
_ [(Wy 0 } Note however that sinc&i, and 75, have the same poles,
L 0 F attempting to computé?,,,,(z) from (13) will lead to a large
o 2 N1 number of quasi pole/zero cancellations and numerical dif-
R=diag[1 p p sp] - : e 1 .
] ficulties. To avoid these difficulties we will comput@,,,,(#)
_ p? explicitly. As a byproduct of this computation we will show
L2 -z i that there exist®V, + Ny exact pole/zero cancellations in (13).
_ B _2 N1 To this effect start by rewritindg/i> and 73, in Theorem 1
L 0 T Ao explicitly as
z 72 ... zNl
. 1 Z1 Zi 71 Ar By Ar By
0= T = ; Ty = (14)
A' . Cy Dys Co Dya
— =2 —_ Tt_
R e A\ where
W =diag|[wg -+ wn,_
=g vl By =Mg*(4p - )" (15)
_ho hl v hNt—l
0 ho - hy,—o C1=C4(Ar —1I) (16)
Fe= | | (10) Co=C_(Ag —I) 17)
Lo 0 - ko Di» =CLMph(AL — 1) 'O (18)
Doy =1+ C_Mp' (A — I)7tC™. (19)
C. Identification Straightforward calculations show that
Once consistency is established, the second step toward
solving Problem 1 consists of generating a nominal model inGrp(%) =T12T2_21
. f t H — —
the con_S|stency_ séi(y’, y*), proceeding as follows. _ Ay — ByD3Cy 0 _ByDj}
1) Find feasible data vectoss, w, h for the consistency B.D=1C A B. D=L
problem by solving the LMI feasibility problem given by = 2722 2 7 2Pz | (20)
(6)_(8) D12D2_2102 Cl | D12D2_21
2) Compute a model from the consistencySédor the non- . S _ S _
parametric portion of the plant. Recall that all the modeldsing the similarity transformatiof = [ 7 7] and removing
in S can be parameterized as a linear fractional transfascontrollable and unobservable modes yields
mapo”n (LET) of afree parametefz) € Heo, ||¢]lcc < 1, Ap — ByD3Cs ‘ B, Dy}
e o) = | pobmicr 0 | DLDy | @D
12 2— V1 12
Gnp(2) = Fo[L(2), q(2)] (1 _ s - 1
o=t . _p =l Finally, using the matrix inversion lemma to compu#g, ex-
L(z) = 12_? H i 22 2 (12) plicitly yields the following expression fof,,,,(z):
1y =I5 Iy
. . G G12
where the transfer functidi(z) depends on the experi- ¢ 2) = (22)
mental data and the solution to the LMI problem (see [11] e Gag
for details). " " 1
. . . . G =Ar —[C*C_ + (A% - DM
Since the proposed algorithm is interpolatory, it has several H 7~ [C2C-+ (A7 = 1) Ml
advantages over the usual “two step” algorithms sometimes -C2C_(Ar = 1) (23)
used in the context of robust identification [5], [6]. In particular, Gio = — [(A% — DMg+C*C_|"tC_ (24)

since the identified model is in s&(y/, y'), its distance
to the Chebyshev center of this set is within the diameter of Gy =Cy[(AY — Mgz + C*C_7'C*C_(Ar —I)

information. As a consequence t_he algorithm is optlmgl up COu(Ar — 1) (25)
to a factor of two as compared with central strongly optimal
procedures. For the same reasons, it is also convergent and Guo =CL[(A% — Mg+ C*CO_]7'C* (26)
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TABLE |
DESCRIPTION OF THETESTBED
Masses: M; =2.702 lbm M; =7.664 Ibm
Beam 1: L; = 8.5in. Hy =0.122 in.
Beam 2: Ly = 11.84 in. Hy = 0.437 in.

Sampling frequency: f; = 46.5 Hz
LDVT: Trans-tek 0243
Data Acquisition: Keithley DAS-1600,

(Ts = 21.5 msec.)

12 bit resolution

W1 = 0.437 in.
Wy = 0.87 in.

E; = 10.5 x 10° psi
E, = 30 x 108 psi.

Practical implementation of the algorithm also requires a ,
dressing the issue of the conditioning of the problem as t
cardinality of the data grows. Note that reducing the col
sistency problem to an LMI feasibility problem required au
explicit inversion of My. However, while this matrix}My is

always positive definite, is asymptotically singular, with itsjl:

condition number growing without bound as the number «
data points increases. The following lemma gives an estimi /
on the growth of/y’s condition number in the most favorable A
case, i.e., when the;, are equidistant (roots of the unity). It
provides a lower bound on the conditioning of mathi.

3

611

Lemma 1:Let z, = /@™/No) | =0, ..., Ny — 1 (the
Nyth roots of the unity). In this case, the singular values and

Va4

Ve VA

condition number of\/y (Nevanlinna—Pick) are bounded by Fig. 1. The flexible testbed.

Ny
o1(Mo) > 03(Q) = pi % > o, (My).
i=1,...,N; 27)
w(Mo) > (Q) = % — L, (28)

Proof: When thez; are chosen as the roots of unity, the
Pick matrix is circulantmatrix, i.e.,Q:; = ¢(i—j)mod n, - SiNCE
(2 is normal, its singular values are the absolute value of its
eigenvalues. Since the eigenvalues of a circulant matrix can be
obtained as the discrete Fourier transform of the elements of the
first row, it follows that the singular values ¢f can be obtained
from the following equality:

Ny—1

>

k=0

ej(Qw/]\’f)kl pr]\’f—l—l
p— @j(QW/A‘rf)k - p]\‘rf —1 :

The desired result follows now from the interlacing property of
the eigenvalues of a symmetric matrix and its diagonal subma-
trix (@ in this case). O

Thus, we see that the condition number of the generalized
Pick matrix, has at least an exponential growth with the number
of frequency data samples.

I1l. A PPLICATION: ROBUST IDENTIFICATION OF A FLEXIBLE
STRUCTURE

In this section, we illustrate the proposed framework by
applying it to the problem of identifying a flexible structure.
This mass-beam system, intended to model a plant subjected

1if for somei, 7, |z: — z;| < €, ase — 0, M, tends to singularity.
2This equality follows from considering the partial fraction expansion of the
right-hand side (as a function pj.
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Fig. 3. Normalized experimental frequency-domain data pointgy,(@nd (b)y..

to damage inducing stress, is being used to test the concdptshe shaker table are measured using linear variable differen-
of life-extending and damage mitigating control [16]. Life extial transformer (LVDT) sensors located at the midpoints of the
tension is achieved by designing multiobjective controllers thatasseg/; andA{, connected to a data-acquisition board. Thus,
keep the peak values of both the time and frequency respontesproblem becomes that of identifying a sampled-data system,
below some prespecified thresholds. Thus, in this applicatiog., a continuous-time system cascaded with zero order hold
is important to have models that accurately reproduce thEements. The numerical values of the parameters are given in
behavior of the system in both domains. Table I, wherel,, H, W andFE denote the length, height, width,
For benchmarking purposes the same structure is also idand Young’s modulus of each beam (see [16] for details).
tified using puref* and H., methods, using the same total An eigenvalue analysis of the model obtained using these
number of experimental data points (hence similar computelues yieldsf; = 9.14 Hz andf, = 17.67 Hz for the natural
tional complexity). The quality of the resulting models is adrequencies of the first and second modes of vibration [16]. The
sessed by comparing their time and frequency responses agdirsttmode has large damping due to the coupling of the mass

the experimental data. M to the shaker table used as an actuator. On the other hand,
the 17.67 Hz mode is very lightly damped, with a damping ratio
A. Description of the Structure on the order of 102.

The flexible structure used to test the proposed identifica- . ,
tion method consists of a two degree of freedom mass-be&im Selection of the Input Signals
system consisting of two discrete masses supported by canSince the proposed algorithm is interpolatory, it is conver-
tilever beams, excited by the vibratory motion of a shaker tabent [15, Ch. 10]. Thus, as the number of data paMits- oo,
as shown in Fig. 1. the identified model converges to the actual model. However,
The first mass is connected to the shaker table, which excifesm a practical standpoint the number of data points is limited
the mechanical system by vibrating up and down, through a fldxy two factors: 1) As shown in Lemma 1 the problem becomes
ible pivot. The displacements andy. of the masses causedill-conditioned exponentially withV and 2) the computational
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Fig. 4. Responses of the reduced order models found désiidentification.

complexity of currently available LMI solvers grows 8. It  in the absence of a driving signal it was determined that the nor-
can be shown that [15], for a giveM, the time domain signal malized noise levels werg, = 0.04 V ande,, = 0.07 V in 4

that yields the lowest worst-case identification error is an in@ndysz, respectively. The data points (normalized by the input)
pulse. However, the low damping and physical constraints ane shown in Fig. 2.

the structure prevent the use of signals that approximate an im-

pulse. As a good compromise between identification error apd Frequency-Domain Experiments

ease of implementability in this paper we used a step as th . . - . .
time-domain input. The frequency response data was obtaineeci;;y measuring the output in the absence of a driving signal it

o ! . .was determined that in this case the (normalized) measurement
by driving the structure by peak-to-peak 0.5-V sinusoidal Sige i . X
. . : : oise was bounded by, = 0.04 Vin y; and byey, = 0.1Vin
nals, with frequencies ranging from 1 Hz to 21 Hz. This fre- . . ; .
) The frequency-domain data points, normalized by the input
quency range captures the first two resonant modes (9 and 177, -
amplitude are shown in Fig. 3.
Hz). ) ; . .
Following a common technique used to obtain real-rational
models in Nevanlinna—Pick type identification, the complex
conjugates of these points were added to set of experimental
As indicated above, in principle a step input offers a compreta, to obtain a set with conjugate symmetry.
mise between physical implementability and worst case error.
However, due to stiction phenomena in the actuators a single
step will not yield a correct model. This was avoided by exciting
the structure with a peak-to-peak 0.5-V 2 Hz square wave andAs discussed in Section II-C, the order of the centgak(0)

collecting the data after a few cycles. By measuring the outpmbdels of7,;,, and 7}, obtained using Carathéodory—Fejér

C. Time-Domain Experiments

IV. | DENTIFICATION RESULTS
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identification is equal to the number of time-domain data poinkefore, the model obtained fdr,, ,, fits both sets of experi-
(in this case 30 and 40, respectively). However, model redunental data-points within the error level. However, in this case
tion using balanced truncation yielded first- and third-ordehe frequency response of the identified modelfgr,, interpo-
models of7},; , andT,., still interpolating the time-domain lates the experimental frequency-domain data points well, while
data points within the error bounds and having virtually thihe step response is quite different.
same frequency response. Fig. 4 shows the time and frequenclyrom these experiments it follows that eitlieandH ., iden-
responses of these reduced-order model and compares ttioation are adequate for identifyirig,, .., where the resonant
against the experimental data. In this figur' ‘lenotes an peak is well damped. On the other hand, both methods fail to
experimental data point used in the identification, whil¢ “ capture the complete behaviordf,,,.
denotes additional experimental data, plotted for validation Nonparametric mixed; /H.. identification takes into ac-
purposes. As shown there, the responses of the model obtaiocednt both sources of data. Hence the corresponding model for
for T, ., match well the experimental data points. On the othé,, ., interpolates the experimental data within the error bounds.
hand, while the step response of the identified modelfigr, Note however that in this case the order of the central model is
matches the experimental time-domain data points within tgeven by N = N, 4+ N, = 44. Model reduction was done using
experimental error, the frequency domain matching is rathiealanced realizations but even increasing the error bounds to
poor, completely missing the resonance peak. ¢, = 0.15 andey, = 0.39 yields an 19th-order model. This
Fig. 5 shows the step and frequency responses of the fird-due to the fact that, when using pure nonparametric estima-
and 30th-order models df,,, andT,., obtained after per- tion, thea posterioriinformation(X, p) characterizes only the
forming balanced truncation model reduction on the originamoothness and peak magnitude of the class of models, but does
39th-order models obtained usif},.-based identification. As not include additional structural information, such as number or
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approximate location of resonant peaks. As illustrated in Fig. i6,similar to the pure; and’, cases, obtaining a 44th-order
this leads to conservative results in cases where the plant haadel that interpolates the data within the experimental error
large, narrow peaks in its responses, by forcing the use of véeyels. While the order of this model is similar to the one found
small values fop and large values fak'. using nonparametric identification (since comparable number of
This difficulty can be overcome by using parametric/norexperimental data points were used), now it is more amenable
parametric mixed; /H.. identification. To this effect, the res-to model reduction. In this case balanced truncation yielded a
onance is handled by describing the parametric portion of theventh-order model that interpolates well both sources of data.
flexible structure in terms of the following second-order KautZhe responses of this reduced order model are shown in Fig. 7,

filters: where, as befored” denotes experimental data points used in
the identification and+#” denotes additional experimental data.
Gi(s) = p1v2¢s and Gs(s) = p2v/2bc A complete comparison between the models obtained using dif-
W) =2 +bs+c 25/ = 2 +bs+ec ferent methods is given in Table II.
b=1211, ¢=122x10* (29)

V. CONCLUSION

where the parameter valukandc were chosen to match the in-  In this paper we use the problem of identifying a lightly
formation available on the critical frequencies and damping fadamped flexible structure, intended to explore the concept
tors of the plant outpug. Solving the LMI feasibility problem of damage-mitigating controllers [16], to benchmark several
given by (6)—(8) withp = 1.001 and K = 0.41 yieldsp; = recently proposed robust identification methods. Since these
—0.0215 andp» = 1.6863. The nonparametric portion of thecontrollers attempt to keep both the time and frequency domain
model can now be obtained from (22). To illustrate the potentisdsponses of the plant below given “safety” thresholds, in this
advantages of the method over conventional approaches, in ttoatext it is important to have models that accurately replicate
case we used only, = 15andN; = 29 points, so thatthttal its behavior in both domains. As shown in Section Ill, due
number of data points (and hence computational complexity) the light damping of the plant, both the frequency and
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TABLE I

IDENTIFICATION RESULTS FORT .,
Method: £ Ho | Mixed (non par.) | Mixed par/non-par.
Number of data points: | 40 39 15429 15429
Model order: 3 39 19 7
Max. error in time:
id points only: 0.07 | - 0.15 0.12
all points: 0.07 [ 0.39 | 0.15 0.12
Max. error in freq:
id points only: - 0.056 | 0.39 0.33
all points: 2.92 1054 |0.74 0.33

time-domain responses exhibit peaks that lead to difficultie§o]
when using either Carathéodory—Fejér or Nevanlinna—Pick
identification methods. Purely nonparametric mix€g o, 11
identification can solve this problem. However, in this case the
presence of lightly damped poles leads to small valugsawfd 2]
larger values ofi{. This in turn results in larger interpolation
error bounds as well as oscillatory interpolation functions and
large order models. (13]

These difficulties can be solved by using a mixed para-
metric/nonparametric approach, where the resonant behavigm)
of the plant is captured using second-order Kautz filters (wit
parameters to be determined) and nonparametric identificati
is used to identify any residual dynamics. As we show in Secfie]
tion 1V, this approach leads to low-order models that interpolate
all the experimental data points (both in the time and frequencm]
domains) within the given error bounds.

A potential drawback shared by all the methods discussed
in this paper is the computational complexity of the resulting
LMI optimization problem. Since this complexity growsAs,
these methods cannot at this point handle large amounts of
perimental data. Note, however, that by exploiting time and fr
guency domain data in a mixed parametric/ nonparametric c(
text, the proposed method requires a smaller amount of d
points to obtain models capturing the complete behavior of t
plant.
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