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Abstract

It has been recently shown that for the problem of op-
timal rejection of persistent disturbances using full-
state feedback, static non-linear controllers can re-
cover the performance level achieved by any linear
dynamic controller. In this paper we complement
these results by showing that for this problem non-
linear dynamic time-varying finite dimensional, pos-
sibly discontinuous, compensators do not offer any
advantage over memoryless time invariant nonlinear-
compensators. Moreover, we show that the best pos-
sible (over the set of all stabilizing controllers) distur-
bance rejection can be achieved by using globally Lip-
schitz piecewise-linear controllers.

1 Introduction

A common problem arising in many engineering appli-
cations is to design controllers capable of stabilizing a
given linear time invariant system while, at the same
time, minimizing the worst case response to some ex-
ogenous disturbances. When the signals involved are
persistent bounded signals, with size measured in terms
of peak time-domain values, it leads to ! optimal con-
trol theory ([1] [9] {10]).

The I' theory is appealing because it directly incor-
porates time~domain specifications. However, I! opti-
mal controllers can have arbitrarily high order. This
fact, along with the well known fact that for the full-
state feedback case both H, and H; control prob-
lems admit static (sub)optimal controllers, prompted
the study of full-state feedback optimal /! controllers.
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To the best of our knowledge, this problem was first ad-
dressed in a set-theoretic framework in the early 1970’s
[3] [14]. However, this line of research was abandoned,
due probably to the complexity of the resulting con-
troller, which was not compatible with the computer
technology available at that time.

More recently, it was shown in [12] that the optimal
linear I' state-feedback controller can be dynamic,
with arbitrarily high McMillan degree. However, if
the class of admissible controllers is expanded to in-
clude non-linear control laws, then the performance
achieved by any internally stabilizing dynamic linear
state-feedback controller can be recovered using static
non-linear state feedback {17]. Constructive proce-
dures to synthesize this static non-linear feedback law
have been presented in [2](3][4] [8] [18]. A question that
arises then is whether or not nonlinear controllers can
outperform linear controllers.

Denote by wprrr, pwyrs and pypry the optimal
I°° to !*° induced operator norms over the sets of
causal norm-bounded linear time-invariant compen-
sators, the set of non-linear static compensators and
the set of non-linear time-varying compensators re-
spectively. In [16] it was shown that urrr = unrTv
for the cases where either i) T3 = I (or has a stable
inverse), or ii) the non-linear compensator is differen-
tiable at the origin. If these conditions fail, then we
can have uyrrv < prrr, as shown by a simple static
counterexample in [19] involving a system of the form:

y(t) = w(t), (1)

for which pnrs < prrr- This example can be eas-
ily extended to the siate feedback case by using delay
augmentation to introduce dynamics as follows:

z(t) = Cw(t) + Du(t),

2(t+1) = w(t), 2(t) = Co(t)+Du(t), y(t) = o(2). (2)
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Since the augmentation sees no feedback, any feedback
u = Qy for (1) produces the same norm as the state
feedback u = Qz for (2). Thus we have that for this
case unrs < prrs- This is due to the fact that in the
state feedback case the condition T3 = I usually fails.

While this example shows that in the state—feedback
case non-linear static controllers can improve the per-
formance of linear controllers, the question of whether
or not arbitrary non-linear time—varying, non smooth
compensators can improve the performance of static
non-linear controllers is still open. The main result of
this paper shows that for the state-feedback case this
question has a negative answer, i.e. pyrTv = pnps. It
follows that when searching for the optimal controller,
the search can be limited to memoryless non-linear
controllers. Moreover, within this class, performance
arbitrarily close to optimal can always be achieved by
using a piecewise linear, globally Lipschitz controller.
This result will be established by taking into account
the more general case in which the system is affected
also by parametric memoryless model uncertainty.

2 Existence of suboptimal static state feedback
controllers

In the sequel we denote by ||-||, p = 1, 00 the p norm for
vectors and || - ||iz, the I? norm for sequences. Given a
set § C R and v € R, we denote by vS = {vz,z € S}
and by ¢orrv{S} the closure of its convex hull. Given
a point z € R™, we define its distance to the set S as
Dist(z, S) = yilelg Il — |-

Definition 1 Consider the discrete-time dynamic sys-

tem
2t +1) = f(=(t), u(t), d(t)) (3)

where 2(t) € R*, u € L, C B™, and ||d(t)||i= < 1.
A convez, bounded set P containing the origin in its
interior is said to be A — T, —contraclive for this sys-
tem if for all x € P there ezists u € XL, such that
f(z,u,d) € AP, 0 < A < 1 for all ||dl|c < 1. In the
special case A = 1, P is said to be X, ~invariant [13].

Remark 1 In the special case of autonomous sysiems
of the form

2(t +1) = f(=(t), d(t)) (4)

this definition reduces to the usual definition of A-
contractivity (positive invariance in the A = 1 case),
i.e., for all z € P, f(z,d) € AP, for all ||d]jc < 1.
For simplicity and by a slight abuse of notaiion, we
will use the term A-contractive (positively invariant)
for both systems (3) and (4) when the meaning is clear
from the coniezt.

Definition 2 Consider the autonomous system (4).
Given a sequence d = {d(0),d{1),...} and an initial
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condition z,, denote by §(t,z,,d) the solution at the
time t. The origin—reachable state set R t8 defined as

Ro2{¢:€ = 4(t,0,d), t >0, ||d[li. <1}
Consider the linear uncertain plant:

z(t+1) A(w(t))z(2) + B1d(t) + Ba(w(t))u(t)
z(t) Cz(t) + D11d(t) + Diau(t)

(5)
where z(t) € R*, u(t) € R?, w(t) € R°, d(t) € R™ and
z(t) € RP represent the state of the system, the con-
trol input, parametric model uncertainty, the exoge-
nous disturbances and the controlled outputs respec-
tively. We assume that A(w) and Bz(w) are of the
form:

I

A(w) =) Awi, By(w)=) Bawi, weW, (6)
i=1 i=1
with
W= A{w: Ewizl, w; > 0},
i=1

and that w(t) is a memoryless parameter. Suppose that
a stabilizing nonlinear full state (possibly time-varying)
feedback compensator of the form:

a(t+1) f(=(t), &(t),t)
u(t) h(=z(t), £(t),1)

is given. Note that we do not require any regularity
assumption for this compensator which may even be
discontinuous. It is well known that closing the loop
with the controller (7) is equivalent to applying the

state feedback:
] - [ 7850

to the following augmented linear system

EINEEHIE:

+{ B ]d(t)+ [ B’(‘(‘;(‘)) ] [ u(t)
z(t)

a(t)
#(t)=[C 0] [i(t)] +Dud(t) + D12 0] [
Denote the closed-loop system by:

£(t+1) I?(E(t), ?(z,ﬁ,t),w(t),d(t)),
() = GE), (e 51), wlt), )
a(t)

=57 ]

In the sequel, we will assume that the controller (7)
is such that the resulting closed-loop system has the
following properties:

(7)
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Property (i): Finite I® to I® induced gain:

wp [l Zu<oo  (11)
”d“.ooSl,f(o):O

For convenience we add a “small” perturbation d, re-
sulting in the following modified system:

EG+1) = F(E(), ¥(, 3,t), w(t), d(2)) + d(2),
z(t) = G(E(t), B(z, &, t), w(t),d(t)),
it < 8, (12)

Denote by RY) the 0-reachability set of (12). Note

that Roe C R, We require the following additional
two properties for the modified system.

Property (ii): Continuity of R with respect to full di-
mension perturbations: For each €; > 0 there exists
& > 0 such that

sup Dist(£, Ry ) < €1 (13)
¢eRY)

Property (ii1): Continuity of the cost with respect to full
dimension perturbations: For each ¢ > 0 there exists
§ > 0 such that

a= sup |zl <pte (14)
ellyoo <3
fidllyoo <&
£(0)=0
Note that assumptions (ii) and (iii) are both reason-
able and desirable from a practical standpoint. How-
ever, they can be weakened at the price of much more
involved proofs.

Lemma 1 For every € > 0 there ezists § > 0 and a
static conirol

BEEZIECEG
that renders the set

§ = eomw{R{Y) U —-R()Y}

positively invariant for the closed-loop system (12) and
guaraniees the following output bound:

2l = l|C2 + D11d + D12v(2, £)lleo < s +€, (16)
for alld such that ||d|le < 1.

Proof. First note that R is an invarient set for
the system (12). Given admissible sequences w, d and
J, denote by ¢(t,0,w,d,d) the corresponding trajec-
tory originating at £ = 0. By construction, given any
point £; € RY) there exists a finite ¢ > 0 and_ad-
missible sequences w, d, d, such that ¢(t,0,w,d,d) =
& and ¢(t + 1,0,w,~d,3) € BY for all w(t) € W,
lld(t)lleo < 1 and ||d(t)llcc < 6. It follows that the

control law m(§) = &(=z,%,t) renders the set RY)
invariant for the system (8). Consider now a point
€ = —¢(t,0,w,d,d) € ~R{). Clearly the control
n2(€) = —m(—¢) renders this set invariant. Now, any
point £ in the set S can be written as convex combina-
tion of elements of &) and —R{Y):

§=aby + 56 ()

where the scalars o,8 > 0, ¢ + 8 = 1, and where
& € R and & € —R®. To this point we associate
the control:

10 =[ 30 | zamie) +omiey 19

Since the controls 7; and 72 map §; and &; in RY
and —RY respectively, for all w € W, |ld|[c < 1 and
|ldlle < 4, it follows from the linearity of (9) and the
convexity of §, that the control 77 guarantees that {' =
F(¢,m(€),w,d)+d € §, forall w € W, ||d|jo < 1 and
ldijoo < &.

To establish the output bound, we recall that proper-
ties (i) and (iii) imply that for all £ € RY) we have
#(t,0,w,d,d) = ¢ for some t > 0 and that [|z(2)||ec =
G, ®(¢&,t), w(t), d(t))|le < p+e¢. Taking the control
n(€) as above we have that v(z, £) = h(z(t), (), t) and
thus we get

l2(tNleo = [|C2 + D11d + Digv(2, &)l < p+ .

By symmetry for —£ € —I'i(of,), the control —n(£) guar-
antees the same output bound. Now for any £ € S we
take the control (18) and thus

llzlle = [IClebs + BE2] + Drrd
+ Daev(z1, 1) + Bv(za, 23)lfle  (19)
< p+te

a

Since the set S is invariant for the modified system
(12), it is clearly invariant for the original system (10).
However the positive invariance property alone is not
sufficient to guarantee asymptotic stability of the re-
sulting closed-loop system. In the following lemma we
establish closed—loop asymptotic stability by showing
that § is a contractive set for the original closed-loop
system (10).

Lemma 2 The static function n(€) defined in (15) is
such that there ezists A < 1 such that for every £ € S,

Fe,n(e), w,d) € 18 (20)
forallw € W and ||d||o < 1.

Proof. Define the é-ball as B; = {£ : ||{]lc < ¢} and
define the set (see [17] [3] [5])

§={¢: ¢e+de§, forallde Bs}.
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Since B; has full rank, ' is in the interior of §. Since
5’ and § are both convex and compact sets and since §
contains the origin in its interior, it follows that there
exists a positive A < 1 such that §' C AS. Consider
first the perturbed system (12). The control n(£) guar-
a.ntees that, for all w € W, [ld]jc < 1 and ||d|jec < 6,
= F(¢, n({), w,d) +d € §. Hence, we have that for
the original system (10), F(&,m(€),w,d) € § C )S.
This means that S is A—contractive for system (10). O

Define now the projection P of S as:

P={z:3s:6=[ =" "T]TES’}. (21)
Clearly the set P can be rendered contractive for the
original system (5) by any selection ® in the set-valued

map V(z) defined as:
(z) e V(z) =
{v(=,2),
Since the control (15) guarantees that, for all £ € s,
F(£, n(€), w,d) € AS, forallw € W and [|d||o < 1

and since the projection of AS is AB, it follows from (9)
that for all w € W and ||d||ec < 1

T

for some 2 s.t. [ = T ]T € 5}(22)

z' = A(w)z + By(w)®(z) + Bid € AP. (23)
Now note that since condition (16) does not depend
explicitly on 2!, it holds for all z € P. Thus ®(z) is
such that the output bound (16) is satisfied, for all d
such that ||d]jec < 1

[2]lc = ||C2 + D11d + D12®(2)||ec < p+e.  (24)
We can now summarize the results of this section in
the following theorem.

Theorem 1 Assume that the system (5) with the dy-
namic time-varying control (7) satisfies conditions (i)-
(#4). Then, for each € > 0 there ezists a stabilizing (in
the sense that if d(t) = O then z(t) — 0) static nonlin-
ear controlu = ®(x) such that the resulting closed—loop
1 to I induced gain does not ezceed u + €.

Proof. We have already established the existence of
a static control law u = ®(z) rendering the compact
set P contractive. Since P contains the origin in its
interior, it follows that for any trajectory such that
z(0) = 0, the control law u = &(z) guarantees that
z(t) € P, for all w(t) € W a.nd lidllie < 1. Since the
output bound (16) is satisfied for every z € P, it follows
that the I*° to I*® induced norm does not exceed u +e.
The fact that the control #(z) asymptotically stabilizes
the system can be established proceeding as in [5], by
exploiting the fact that since the O-symmetric set P
contains the origin as an interior point, it induces a
norm that is a Lyapunov function for the system. O

!In the sense that it enters the expression only through v
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To derive a Lipschitz control, we consider the follow-
ing constructive procedure, originally introduced in
[15]. Assume that a contractive polytope P’ contain-
ing the origin in its interior is known. For each ver-
tex = of the polytope there exists a control vector
u such that A{w)z + By{w)u + Bid € AP for all
|ldllec < 1. Partition now the state space into the
conic sectors generated by the positive combinations
S={z=Y1,arzi,, o; >0} of a n-tuple of vertices
{z:,, k=1,...,n} belonging to the same facet of P’.
These sectors can be selected such that | J, Sn = R"
and Sp {8k has empty interior if k # h. For a given
sector Sy, let X5, and Uj denote the matrices having
as columns the coordinates of the vertices of the sec-
tor and the corresponding control action respectively,
and consider the linear gain Ky = Un X, 1. Then the
variable structure controller u = Kj(;)z renders the
polytope P’ invariant [15]. Moreover, this control law
is globally Lipschitz in R™ [6]. We use these results
to show that for the full state feedback problem dis-
continuous controllers do not offer any advantages over
continuous, globally Lipschitz ones.

Theorem 2 Under the assumptions of Theorem 1,
given any € > 0 there ezisis an internally stabiliz-
ing globally Lipschitz controller such that the resulting
closed-loop system has an I®° to [ induced norm not
exceeding u + €.

Proof. From Lemma 4.2 in [6] we have that the set
P can be always approximated by a contractive poly-
hedron P’ included in P, in the semse that for each
0 < 6 < 1 there exists a contractive set P’ such that
(1-8)P C P’ ¢ P. The proof follows now by con-
sidering the variable structure controller u = Up X, 1z
associated with the vertices of P’ and proceeding as in
Theorem 1 with the set P replaced by P’. O

Since P’ is contractive, this control guarantees global
convergence of the state to P’ (and if d(t) = 0 to'the
origin).

3 Construction of a static controller

We turn our attention now to the problem of synthe-
sizing the control law. To this effect we introduce the
additional assumption that the performance output is
of the form

0= G |+ | Db Jaw+ |

From a practical standpoint, by including the control
output among the performance variables, we rule-out
the possibility of the controller requiring an unrealis-
tically large control effort. Moreover, we will assume
that C; has full column rank. Note that this assump-
tion is not restrictive because if this is not the case, we

0
Di,

] u(t).
(25



can always add fictitious output variables, with “small”
weights (see [17]), in order to complete the rank of Cj.
Recall that achieving [ to [ induced gain not exceed-
ing p is equivalent to keeping state and control inside
the polyhedral set [8]:

E*(ﬂ:): {:z:,u: ]ICz+D11d+D12uHm < u, V”d”m < 1}

(286)
It can be shown (see [8] for details) that ¥* () is defined
by the set of inequalities

“C’iz + Diyg;u

]00 Su- ”Dll"lll = gir 1= 11"')?:
(27)
where C; and D3, denote the i-th rows of C and Dja.
Due to the structure of the output (25), the set X*
is the cartesian product of two polyhedral convex sets
containing the origin in their interior, £, (1) and E,(u),
each one obtained from the inequalities involving u and
z respectively. Thus, given p and A < 1, the algorithm
proposed in [5] can be used to generate S}, .. (which can
be possibly empty), the largest A-X,(u)—contractive
set included in T, (u). Moreover, S}, can be approx-
imated arbitrarily close by a polyhedral set S’ that can
then be used to generate the control action, as outlined
in the last section. Note that the algorithm in [5] re-
quires the set £,(u) to be compact. This motivates the
assumption on C;. It can be easily removed by modi-
fying the procedure to handle the case where £;{u) is
unbounded.
Henceforth, denote by p,,: the smallest 1 guaranteeing
the bound (z). From the previous section we have that
there exists a contractive set S ¢ Yz (,u..,,,t +¢€). Note
that the existence of such a set is clearly a necessary
and sufficient condition for the algorithm in [5] to pro-
duce a non-empty set. From the results of the previous
section we have that:

a) if p < pop: the largest invariant (i.e. contractive
with A = 1) set in £, (u) with u € X, (g) is empty;
b) if u > pop: there exists A < 1 such that the largest
A-contractive set is not empty. Moreover, it can
be shown that for all A’ > A) the set is polyhedral.

With this in mind, we can synthesize the control law by
setting first A = 1 and constructing the largest invari-
ant set and then augmenting or reducing u depending
on whether or not this set is empty. This leads to up-
per (ut) and lower (u~) bounds of pop: that can be
arbitrarily refined. Then by a proper A < 1 sufficiently
close to 1, we assure stability.

4 Example

In this section we illustrate the features of the pro-
posed controller with a simple example. Consider the
uncertain system having the following state—space re-
alization:

o(t+1) = [ A, ]a;(t)-i-[é ‘1’]4(:)+[‘1’]u(:)
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o{t) = [ e ]x(t)+ [ 01 ]d(t)+ [ ° ]u(t)
where the uncertain time varying parameter w satisfies
|w| < v. Note that in this example C; does not have
full column rank. Thus, as mentioned before, in order
to apply the proposed synthesis procedure we need to
add a small additional fictitious output. We selected as
additional output Z = 10~ 23, which does not affect
the solution.

v Hopt | Np
0.0 6.000| 8
0.1 6.719 | 12
0.2 7.789 | 12
0.3 9.539 | 12
041} 1253 8
0.5 1899 | 8
0.6 1 94.78 | 8

Table 1: Optimal I* norm versus v

Table 1 shows the optimal I* norm for different val-
ues of ¥ < Va5 = 0.615, the maximal level for which
the system can be stabilized, and n, the number of
planes characterizing the corresponding invariant re-
gion. From this table we have that for v = 0.4, the
optimal closed-loop I® to I® gain is p = 12.563. For
this value of u, the vertices of the invariant region
P={z:z=Xa, |lof| <1} are given by the columns
of the matrices X and —X, (ordered in such a way that
¥9; = —Ugi~1, %= 1...4), where

X = —7.8135 —0.1476 0.0000 7.8135
- 4.1640 —6.5683 —6.6273 —6.1064

Finally, Figure 1 shows the set S) . with A = 0.999
included in the set ¥$;(12.53), and Table 2 shows the
different gains that constitute the variable structure
controller (note that by construction opposite sectors
have associated the same gain)

5 Conclusions

In this paper we consider the problem of persistent dis-
turbance rejection via full-state feedback. This prob-
lem has attracted considerable attention since it was

Sector Gain

1-3/2-4 | [-.0558 -1.754 |
3-5/4-6 | [-0.696 -1.739]
5-7/6-8 | [0.116 -1.739]
1-8/2-7 | [-0.400 -2.400]

Table 2: The sector gains
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shown in [12] that state-feedback optimal I controllers
can be dynamic, with arbitrarily high order. Recent
work [7, 17, 18] has shown that the performance level
achieved by any finite~dimensional linear dynamic con-
troller can be recovered by a nonlinear, static con-
troller, in other words uyrs < prrr. While it is known
that for certain problems puyps = pr71, this is not true
in general for the state feedback case, as we have shown
with a simple counterexample.

In this paper we complete these results by showing that
the performance level achieved by any non-linear dy-
namic, possibly time varying full-state feedback con-
troller can be also recovered via static state feedback.
Moreover, within this class, the controller can be re-
stricted to be piecewise linear.

While these results were derived for the discrete-time
case, they can be extended to the continuous-time case
proceeding along the same lines but the proofs are con-
siderably more involved. Alternatively, from a con-
structive point of view, the properties of the Euler
approximating system (EAS) [6, 7, 8] can be used to
generate contractive sets for continuous-time systems,
proceeding as in [6]. Thus, under appropriate assump-
tions, the results presented in this paper hold also in
the continuous-time case.
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